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Introduction: Logic and formal
epistemology in social settings

In this chapter, we provide a concise introduction to the topics of the vol-
ume. We do so by individuating the main areas of contemporary research
in social epistemology, as well as the formal methods used in each area.
Moreover, we present the contributions included in the volume within
theirrespectiveareasof research, divided according to the specificmethod-
ology employed. We emphasise that logic can play a key role in social epis-
temology, in that it can provide the tools to unify areas of research usually
pursued with different methods.

The assessment and understanding of fragmented and vague informa-
tion has become an increasingly pressing issue in social deliberations. In
an era of rapid information exchange, rational agents and decision-makers
are frequently tasked with navigating inconsistent, incomplete, and some-
times contradictory data, all while striving to organise it into a coherent
framework. In such contexts, shared information during communication
requires agents to continually update their beliefs, incorporating new ev-
idence while discarding outdated or unreliable data. Furthermore, cogni-
tive biases often distort the information processing, polluting the decision-
making process and introducing uncertainty in evaluating evidence.

Addressing these challenges also involves resolving disagreements
among agents andmanaging opinion dynamics, which in turn necessitates
evaluating the strength and coherence of various arguments presented
within a public discussion. These concerns have become central to a wide
range of research areas, where they intersect with debates about rational-
ity, decision theory, and communication.

As a result, these issues have been taken up with a variety of methods,
reflecting the multidisciplinary nature of the problem. Philosophers, for
instance, employ conceptual analysis to understand the nature of belief
revision and rational deliberation, while logicians provide formal, mathe-
matical models to analyse the coherence and consistency of arguments.
Psychologists contribute by conducting experiments that examine how
humans actually process fragmented or ambiguous information, often re-
vealing the influence of biases and heuristics. Finally, computer-aided
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simulations and algorithmic approaches have become increasingly promi-
nent in understanding how information spreads, how opinions evolve
within groups, and how decisions are made in complex, information-rich
environments. Together, these diverse approaches aim to shed light on
how agents can navigate the complexities of real-world information to
make sound, informed decisions.

The motivation behind this volume stems from the belief that logic,
broadly understood, can act as a formal platform capable of unifying di-
verse, independentlypursued linesof research. In particular, when it comes
to reasoning within social contexts, logical methods offer a powerful tool-
kit for the formal analysis of complex social phenomena such as informa-
tion dynamics, disagreement resolution, and collective decision-making.
Guided by this conviction, we organized a workshop in Pisa in October
2023, titled Reasoning with Imperfect Information in Social Settings, un-
der the auspices of the project Understanding Public Data: Experts, Deci-
sions, Epistemic Values, conducted collaboratively by the Scuola Normale
Superiore, the IMT School for Advanced Studies in Lucca, and the Insti-
tute for Advanced Study of Pavia (IUSS).

The workshop aimed to bring together researchers from the fields of
logic, formal and social epistemology, and computer science who are in-
vestigating the intricacies of reasoning and information exchange in so-
cial settings. The present volume includes most of the papers presented at
the workshop and seeks to foster dialogue across these different yet inter-
connected fields, with the aspiration that social epistemology may benefit
from the rigorous application of logical methods.

We divided the contributions in four different groups. While the objects
of study are strongly connected, the groups differ from one another from
a methodological point of view.

Systems: Logical Frameworks
Papers in the first group utilize logical methods, particularly focusing on
proof-theoretic approaches. These three contributions stem from a re-
fined analysis of reasoning models in social and uncertain contexts, ex-
emplified by frameworks such as AGM belief revision (cf. [1]) and FDE
logic (cf. [3, 8]). Each paper employs distinct proof-theoretic methods —
including tableaux, sequent calculi, and their generalizations (cf. [5]) —
to explore these models. A unifying feature of these methods is their re-
liance on analyticity, meaning the calculi satisfy a form of the subformula
property, meaning that the information that circulates in formal proofs is
already contained in the conclusion (cf. [19]). Analyticity is a tool that al-
lows for information to be managed in a purely finitary and syntactic way,
without resorting to semantic intuitions.
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In Chapter 2, Marcello D’Agostino, Costanza Larese and Alejandro So-
lares-Rojas bridge the research program od depth–bounded logics with
the non–classical logic of First Degree Entailment. Their work comprises a
philosophical presentation of the system for 0-depth FDE, which is argued
to provide a model of agents reasoning with incomplete and inconsistent
databases and whose space of actually possessed (in contrast with poten-
tially available) information throughout inferences is also incomplete. In
this way, the authors’ framework allows to formalise inferences in FDE
which do not rely on the hypotethical assumption of any virtual informa-
tion about potential sources. Moreover, D’Agostino, Larese and Solares-
Rojas provide a hierarchy of logics, specified by the number of virtual in-
formation allowed, converging to FDE.

In Chapter 3, Andrea Sabatini explores AGM belief revision through
the lens of structural proof theory. He begins by providing a syntactic
characterization of maximally consistent subsets of clause sets, laying the
groundwork for a detailed, constructive approach to base-generated belief
revision. Building on this foundation, Sabatini develops a hybrid hyper-
sequent calculus for base-generated revision. This calculus arranges se-
quents and antisequents in parallel, facilitating the formalization of con-
tradictory updates in relation to the provability of extra-logical axioms.
Finally, Sabatini proves the admissibility of structural rules, demonstrat-
ing that these calculi are both sound and (weakly) complete with respect
to a modified, weaker form of the preferential logicR.

In Chapter 4, Matteo Bizzarri employs the framework of fractional se-
mantics in order tomodel—within a proof-theoretic landscape—notions
connected to belief revision. The fractional interpretation of classical pro-
positional logic is obtained through a decomposition procedure within a
fully analytic sequent calculus enjoying certain structural properties. This
interpretation is here enriched by means of proper axioms used to repre-
sent beliefs held by an agent. The addition of these pieces of information
preserves the structural properties of the base system. Finally, a further
extension involving hyperreal numbers is considered so as to distinguish
between full beliefs and revisable ones.

Models: Formal Epistemology
The second group of papers presents various approaches to formally mod-
eling key concepts in formal epistemology (cf. [6] for an overview). While
numerous formal models of epistemic concepts exist (cf. [18] for some
salient models), the selected papers represent some foundational meth-
ods commonly employed in this field – of course, the list is not exhaustive
(cf. also [11,14,15,20]). These methods encompass argumentation theory
(cf. [2, 7]), agent-based modeling (cf. [13, 22]), and Bayesian epistemol-
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ogy (cf. [4, 21]), each offering distinct frameworks for advancing research
in formal epistemology. A unifying feature of these methods is that they
offer numerical measures for mathematical descriptions of social scenar-
ios, such as interconnected arguments’ strength, polarisation effects and
evidence confirmation.

In Chapter 5, Piero Avitabile and Gustavo Cevolani apply a Bayesian
epistemological framework to the case of expert testimony. The authors
argue thatwell known (refinements of) Bayes theoremprovide an adequate
model of credence revision policies in light of uncertain information from
an expert. In particular, cases of arguments from authority make it nec-
essary for agents’ update policies to consider both the degree of certainty
an agent has about the experts’ testimony and experts’ own reliability to-
wards the testimony (contra epistemic deference). Avitabile and Cevolani
conclude that Jeffrey conditionalisation is suitable to capture laymen’s as-
sessment of experts’ testimony.

InChapter 6, DavideChiarella andCarlo Proietti investigate which con-
ditions can be conducive to the bi-polarization of opinions in groups. The
authors use argumentative agent-based models to model the opinion dy-
namics in agents. Agent-based modelling has been used to study how the
communication and opinion change in a group of agents may lead to a
consensus or (on the contrary) to the formation of clusters or polarization
effects. Adding and explicitly representing arguments in the model allows
to study how the exchange of arguments leads to influence over agents and,
possibly, to opinion change.

InChapter 7, LorenzoCasini and Jürgen Landes focus on the role played
by the conflict of interest (CoI) in evidence. Indeed, evidence affected by
CoI has an ambiguous impact: on the one hand, it is biased towards confir-
matory results; on the other hand, it is also usually associatedwith a higher
quality, mainly because industry funded research employ large datasets. In
view of this, the authors provide a bayesianmodel for assessing the impact
of CoI on evidence. Starting from such model, they show that evidence
affected by CoI can still have a confirmatory role for a hypothesis. They
conclude arguing that we shall not discard evidence affected by CoI, but
rather factor that in based on its reliability.

Foundations: Social Epistemology
The third group collects papers which deal with philosophical aspects of
deliberation in social settings. The foundations of social epistemology
often rely on data from experimental psychology and cognitive sciences
(cf. [10,12,16]) to build philosophical theories of rationality (cf. [9,17,23]).
Theories of uncertain reasoning serves the purpose of laying the ground-
work for many themes encountered throughout the volume. Such themes
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include: how to properly assess disagreement among rational but cogni-
tively bounded agents; the role of experts in aggregating beliefs; how to
evaluate biases in opinion formation and its dynamics; how logical stan-
dards help mediate between independently formed opinions.

In Chapter 8, Caterina Sisti proposes an analysis of three intersubjec-
tive attitudes that groups of agents can have towards a conditional. The
author analyses such attitudes in the context of a general theory of ex-
tended conditionals, where each conditional is regarded as an implicit de-
vice for expressing a belief in the universal generalisation of the extended
form of a conditional, where the latter encodes the agent’s background
knowledge. Sisti then explains agreement, disagreement and weak dis-
agreement in terms of the difference in the amount of agents’ background
information and the difference in how agents experience the information
they have.

In Chapter 9, Sofia Elisabetta Walters presents an adaptive interpreta-
tion of the confirmation bias within amodel of social reasoning which dis-
tinguishes between opinion formation and mediation between opinions.
The author understands CB as playing a positive role in opinion forma-
tion, as it isolates reasoners and allows them to form their opinions inde-
pendently. Moreover, standard models of (social) reasoning are criticised
as exclusively content-oriented. Walters then suggests that confirmation
bias is beneficial to the formation of content of opinions, while mediation
is beneficial to the aggregation of opinions. Mediation, in turn, is based
on opinion’s logical structure, exploiting the intuition that rule–following
exerts a normative role on the collective decision process.
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Towards more realistic models
of logical reasoning. A case study
in paraconsistent logic

1. Introduction
Theories of rationality are notoriously marred by a discrepancy between
theoretical assumptions and practical applications. On the one hand, log-
ical systemsmodel logically omniscient agents (able to correctly recognize
all consequences of their assumptions according to the system in use) but
provide no sensible means to account for the cost of inferring them. In
contrast to omniscient agents, a single practical agent (whether human or
artificial) using a certain logic cannot be expected to effectively perform
all the correct inferences of that logic, but only those that are within the
reach of its limited resources. This is because establishing whether a cer-
tain conclusion follows from given premises is often beyond human cog-
nitive resources and, in general, is also computationally hard. This is the
case, for instance, of many interesting propositional logics, such as Clas-
sical Propositional Logic (CPL), First-Degree Entailment (FDE) [1], the
Logic of Paradox (LP) [4, 32], and Strong Kleene Logic (K3) [29], which
are all co-NP complete [3, 12, 36]. Thus, despite the time-honoured idea
that logic should guide our reasoning, the problem is that logical systems
are somehow “too difficult”, in the sense that they provide notions of ratio-
nality that cannot be satisfied by human reasoners and resource-bounded
agents in general, since they do not account for the cost of reasoning.

A promising step towards more realistic logical models is the depth-
bounded approach presented and discussed in [19]. It defines a research
program inspired by the following core problem:

Approximation Problem. Given a logic L, define a hierarchy of ap-
proximating logical systems that converge to L in such a way that these
approximations satisfy minimal rational requirement and can be sensibly
used as formalmodels of the deductive power of resource-bounded agents.

In this view, L represents a normative model for an ideal agent with un-
bounded cognitive and computational resources, while the remaining sys-
tems in the hierarchy correspond to decreasing degrees of idealization.
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Idealized logics are not just dismissed as descriptively inadequate, but still
play a crucial role as limiting normative theories to which approximat-
ing models should converge. At the same time, robust implementation of
the approximation idea are likely to have a significant practical impact in
many research areas — from economics, to philosophy, artificial intelli-
gence and cognitive science — wherever there is an urgent need for more
realistic models of deduction.

The depth-bounded approach has been already successfully applied to
CPL (e.g., [15–17, 19]): the resulting Depth-bounded Boolean Logics are
an infinite hierarchy of tractable k-depth approximations to CPL, which
can benaturallyrelatedtoahierarchyof realistic, resource-bounded agents.
Twoarethekeyconceptualmovesunderlyingthe depth-bounded approach
toCPL. First, the meaning of a logical operator is specified solely in terms
of the information that is actually possessed by an agent, i.e., information
practically accessible to her and with which she can operate. This kind of
information is called actual, and the verb “to hold” is used as synonymous
with “to actually possess”. Second, a measure of the difficulty of logical
deduction can be obtained by focusing on the essential use of “virtual in-
formation” and on the depth at which this use is required to infer a given
conclusion. Here, virtual information is information that is not actually
possessed, but must be temporarily assumed in order to reach a certain
conclusion (as, for example, in the discharge rules of natural deduction).

Elaborating on previous work [20], in this paper we discuss in more de-
tail the conceptual and philosophical basis of the depth-bounded approach
to FDE. In particular, we highlight the more realistic informational view
underlying this approach, with special attention to:

(i) the reasons why the Dunn-Belnap’s semantics of FDE is unsuitable
for modeling the reasoning power of realistic and bounded agents;

(ii) the distinction between actual and virtual information in the context
of databases which might be incomplete and become inconsistent.

The rest of the paper is organized as follows. Section 2 recalls Dunn’s rela-
tional semantics and Belnap’s four-valued semantics for FDE by focusing
on the motivations and intended applications. Section 3 provides three
reasons why the basic notions of Dunn-Belnap’s semantics, while being
amenable to epistemic reading, cannot be attained in practice. Section 4
offers a more realistic informational version of FDE, by introducing stable
imprecise values as the basic notions for the 0-depth logic, i.e., the basic
element of the hierarchy of approximations. Both a proof-theoretical char-
acterisation and a 5-valued semantics are provided based on [20]. How-
ever, a contribution of this paper consists in improving, simplifying and
partially correcting the semantics presented in [20]. Section 5 focuses on
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the notion of virtual information and discusses k-depth approximations
to FDE. Final remarks conclude the paper in Section 6.

2. The semantics of FDE
The logic of First Degree Entailment (FDE) is the core of a family of rel-
evance logics. It was first introduced in the late 1950s by Belnap in his
unpublished doctoral thesis and then presented in [1] as a fragment of the
system E of entailment, namely as a set of relevant implications of the kind
A → B, where A and B are implication-free formulae. Several related
semantics have been proposed for FDE (see [31]). The best-known are
Dunn’s relational semantics and Belnap’s four-valued semantics. The for-
mer was introduced by Dunn in the 1960s, but published only later in [23]
(by which time it had been proposed also by other authors).

The intuition underlying Dunn’s relational semantics is that contradic-
tory propositions should be distinguished from one another:

[…] let p be the sentence ‘It is raining’ and let q be the sentence ‘2 + 2
= 4’. By standard truth table considerations it follows that p & ∼ p is true
iff p is true and ∼ p is true, that is, iff p is true and p is false. Similarly,
q & ∼ q is true iff q is true and q is false. The question bluntly then is
whether the condition that p is true and p is false is the same condition
as that q is true and q is false. I think it is not. […] Intuitively, p & ∼ p
and q & ∼ q describe different situations, granted that neither situation is
realizable. [23, p. 154]

With this aim, a Dunn-assignment is defined as a relation η (rather than
a function) between propositional variables and the two Boolean values
{true, false}. Dunn-assignments are then extended to Dunn-valuations,
which are defined as relations between formulae and the two values true
and false such that the following conditions are satisfied:

¬Aη true iff Aη false (2.1)
¬Aη false iff Aη true (2.2)

A ∧B η true iff Aη true andB η true (2.3)
A ∧B η false iff Aη false orB η false (2.4)
A ∨B η true iff Aη true orB η true (2.5)
A ∨B η false iff Aη false andB η false (2.6)

A result of this definition is that a formula may relate to true, it may relate
to false, it may relate to both, or it may relate to neither. In other words,
both gaps and gluts are allowed. Note that the clauses above are exactly the
same as the classical truth conditions, without the assumption that truth
and falsity are exclusive and exhaustive. Then, the notion of consequence
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relation is defined as follows: a formula A is a Dunn-consequence of Γ iff
for every Dunn-valuation η, ifB η true for all B ∈ Γ, then Aη true.

According to Dunn, this framework complies with the intuition dis-
cussed above about contradictory propositions, because the two different
(of course, unrealizable) situations described by p ∧ ¬p and q ∧ ¬q can
be distinguished by a Dunn-valuation η which relates only one of p ∧ ¬p
and q ∧¬q to true. This gives a semantical explanation of one of the prin-
cipal features of entailment, namely, that p ∧ ¬p need not entail q ∧ ¬q
(or an arbitrary formula, say r), for there is a valuation in which p ∧ ¬p
is related to true and q ∧ ¬q (resp. r) is not. Similarly for tautologies:
“rather than thinking about the (per impossible) truth conditions for con-
tradictions, we think about the (per impossible) ‘non-truth’ conditions for
tautologies” [23, p. 157]. The two different situations described by p ∨ ¬p
and q ∨ ¬q can be distinguished by a Dunn-valuation, η, which does not
relate one of p ∨ ¬p and q ∨ ¬q to true. It then follows that p ∨ ¬p (or
an arbitrary formula r) need not entail q ∨ ¬q, for there is a valuation in
which p ∨ ¬p (resp. r) is related to true, but q ∨ ¬q is not.

Drawing upon the work of Dunn [23] and an observation by Smiley
(in correspondence), Belnap put forward a four-valued semantics for FDE
in [7, 8]. In these papers, he pointed out the usefulness of the resulting
characterisation as the logic in which “a computer should think”. The ap-
plication that Belnap has in mind is described as follows:

The reasoner who is to use this logic is an artificial information pro-
cessor; that is, a (programmed) computer. […] [2.] The computer is to be
some kind of sophisticated question-answering system [that] can also an-
swer questions on the basis of deductions whichmakes from its explicit in-
formation. […] [3.] there is no single, monolithic, infallible source of the
computer’s data, but the inputs come from several independent sources.
[…] [4.] my computer is not a complete reasoner, who […] should, pre-
sumably, have some strategy for giving up part of what it believes when it
finds its belief inconsistent. […] [5.] In answering its questions, the com-
puter is to reply strictly in terms of what it has been told, not in terms of
what it could be programmed to believe. [7, pp. 30-32]

For a matrix to characterize a logic adequate for making deductions with
information that might be both inconsistent and partial, at least four dif-
ferent values are needed (see [2]). The set of truth-values is {t, f, b,n} is
denoted by 4. These values are interpreted as four possible ways in which
an atom p can belong to the present state of information of a computer’s
database, which in turn is fed by a set Ω of equally “reliable” sources:

• tmeans that the computer is told that p is true by some source, without
being told that p is false by any source;
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• f means that the computer is told that p is false but never told that p is
true;

• b means that the computer is told that p is true by some source and
that p is false by some other source (or by the same source in different
times);

• n means that the computer is told nothing about the value of p.

In essence, each value represents a subset of the set {true, false} of the clas-
sical values or, equivalently, one of the four possibilities in which a formula
A can be related to the values true and false through a Dunn-valuation.
These four values form twodistinct lattices, depending onwhetherwe con-
sider the partial information ordering induced by set-inclusion (approxi-
mation lattice) or the partial ordering based on “closeness to the truth”
(logical lattice). The information ordering is the one according to which
the epistemic state of the computer concerning an atom can evolve over
time. As Belnap points out:

When an atomic formula is entered into the computer as either af-
firmed or denied, the computer modifies its current set-up by adding a
“told True” or “told False” according as the formula was affirmed or de-
nied; it does not subtract any information it already has […] In other
words, if p is affirmed, it marks p with t if p were previously marked with
n, with b if p were previously marked with f; and of course leaves things
alone if p was already marked either t or b [7, p. 12].

A set-up is simply an assignment to each of the atoms of exactly one of
the values in 4. Using the tables shown in Figure 1, every set-up can be
extended to a valuation function v : F (L)→ 4, where L = {∨,∧,¬}, in
the usual inductive way. We call this function a 4-valuation. It establishes
how the computer is to answer questions about complex formulae based
on a set-up. The tables in Figure 1 are obtained bymeans of considerations
related to “Scott’s thesis” about approximation lattices [7]. These consid-
erations have an intuitive counterpart. For example, suppose that A is n
andB is b. Then it is not the case thatA andB are both true; hence,A∧B
is not true. But B is false; hence, A ∧ B is false. Thus, A ∧ B is false but
not true, therefore f. Similarly for the other cases.

∨̃ t f b n
t t t t t
f t f b n
b t b b t
n t n t n

∧̃ t f b n
t t f b n
f f f f f
b b f b f
n n f f n

¬̃
t f
f t
b b
n n

Figure 1 FDE-tables.
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The Belnap-Dunn’s matrixM4 =< V,D,O > is the matrix for L where
V = 4, D = {t, b}, and the functions in O are defined by the tables in
Figure 1. (Warning: do not confuse the values t and f in 4 with true and
false. The latter are local values referring to the information coming from a
source, the former are global values, summarizing the epistemic state of the
computer with respect to all the sources.) Thus a 4-valuation is a function
v : F (L)→ 4 such that for all A,B:

(i) v(¬A) = ¬̃(v(A)); and
(ii) v(A ◦ B) = ◦̃(v(A), v(B)) (where ◦ is ∨ or ∧). Then, the no-

tion of consequence relation is defined as follows: a formula A is a
M4-consequence of a set of formulae Γ iff for every 4-valuation v if
v(B) ∈ {t, b} for all B ∈ Γ, then v(A) ∈ {t, b}.

3. Major sources of idealization
In his paper, Dunn acknowledges that his relational semantics must be
given an epistemic interpretation:

Do not get me wrong – I am not claiming that there are sentences
which are in fact both true and false. I am merely pointing out that there
are plenty of situations where we suppose, assert, believe, etc., contradic-
tory sentences to be true, and we therefore need a semantics which ex-
presses the truth conditions of contradictions in terms of the truth values
that the ingredient sentences would have to take for the contradictions to
be true. [23, p. 157]

Similarly, Belnap recognises that the truth-values of his semantics are epis-
temic in nature:

My four values are unabashedly epistemic. According to my instruc-
tions, sentences are to bemarked with either aT or an F, aNone or aBoth,
according as to what the computer has been told; or, with only a slight
metaphor, according to what it believes or knows. Does this somehow
make the enterprise wrong headed? Or not logic? No. Of course these
sentences have truth-values independently of what the computer has been
told; but who can gainsay that the computer cannot use the actual truth-
values of the sentences in which it is interested? All it can possibly use
as a basis for inference is what it knows or believes, i.e., what it has been
told. [7, p. 47]

However, we claim that, despite its epistemic nature, the Dunn-Belnap’s
semantics provides amodel of reasoningwhich is highly idealized and thus
cannot be used in practice for representing realistic agents characterised by
limited information and bounded cognitive and computational resources.
There are three sources of major difficulties in Dunn-Belnap’s semantics.

The first key observation is that, as suggested by Belnap [7, 8], there is
no reason to assume that an agent is “told” about the values of atoms only.
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This is a highly unrealistic restriction. In most practical contexts we may
be told that a certain disjunction is true without being told which of the
two disjuncts is the true one. Using the words of Dummett:

I may be entitled to assert “A orB” because I was reliably so informed
by someone in a position to know, but if he did not choose to tell me which
alternative held good, I could not apply an or-introduction rule to arrive at
that conclusion. [...] Hardymay simply not have been able to hearwhether
Nelson said “Kismet hardy” or “Kiss me Hardy”, though he heard him say
one or the other: once we have the concept of disjunction, our perceptions
themselves may assume an irremediably disjunctive form.

Indeed, this appears to be a distinctive feature of the down-to-earth kind
of information with which we practically operate, which has to be distin-
guished from the context of (constructive) mathematics, where a disjunc-
tion A ∨ B is provable (i.e., intuitionistically true) if and only if either A
is provable orB is provable:

Unlikemathematical information,empirical informationdecays at two
stages: in the process of acquisition, and in the course of retention and
transmission. An attendant directing theatre-goers to different entrances
according to the colours of their tickets might even register that a ticket
was yellow or green, without registering which it was, if holders of tickets
of either colours were to use the same entrance; even our observations are
incomplete, in the sense that we do not and cannot take in every detail of
what is in our sensory fields. That information decays yet further in mem-
ory and in the process of being communicated is evident. In mathematics,
any effective procedure remains eternally available to be executed; in the
world of our experience, the opportunity for inspection and verification is
fleeting [22, pp. 266-278].

Similarly, in most realistic contexts, we can be told that a certain conjunc-
tion is false without being told which of the two conjuncts is the false one.
As a familiar example, my computer tells me that “either the username or
the password is incorrect”. To quote Dummett, the machine is “in a posi-
tion to know” which of the two disjuncts is true, but for security reasons
cannot transmit this piece of information to me. In this situation I am a
reliable source that can answer positively the query about the disjunction,
but I am unable to answer either of the two queries concerning its compo-
nents.

Second, as we have seen in the previous section, the information order-
ing of the values in Belnap’s semantics is the one according to which the
epistemic state of the computer concerning an atom can evolve over time.
This means that the values in 4, except for b, cannot be taken as stable. An
epistemic set-up is just a snapshot of an epistemic state that evolves over
time. If we want to consider the truth-values t, f, n as stable we need to
assume complete information about the set of sources Ω. Namely, while
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the meaning of b is “there is at least a source assenting to p and at least a
source dissenting from p” (which is information empirically accessible to
x in the sense that xmay actually possess this information without a com-
plete knowledge of Ω), the meaning of t, f and n involves information of
the kind “there is no source such that …”, and so requires complete infor-
mation about the sources inΩ, which may not be empirically accessible to
x at any given time.

Thus, despite their epistemic nature, three of the values in 4 are infor-
mation-transcendent when interpreted as timeless. They refer to an “ob-
jective” informational situation concerning the domain of all sources, that
may well be inaccessible to the computer at any given time. This feature
of Belnap’s values makes this semantics unsuitable for most practical con-
texts, where agents might lack a complete knowledge about the sources.
For instance, the agent may well be receiving information from an “open”
set of sources as they become accessible (even if the information coming
from each single source is assumed to be robust). In such a case, the pos-
sibility for an agent to come across a source falsifying “there is no source
such that …” is always open.

The third crucial point is that for the unrestricted language allowing ar-
bitrary formulae involving ∧,∨ and ¬, the decision problem for theM4-
consequence relation is co-NP complete [3, 36] and therefore, very likely
to be undecidable in practice. This follows from the celebrated result by
Cook [12] showing that CPL is co-NP complete, together with the fact
that the decision problem of inconsistency in CPL can be reduced to the
decision problem of entailment in FDE [20].

4. 0-depth FDE
In the previous section, we have claimed that FDE cannot be used to char-
acterise the reasoning held by realistic agents with limited information
and bounded cognitive and computational resources. Moreover, we have
provided three reasons why the basic notions of Dunn-Belnap’s semantics
can be given an epistemic reading, which nonetheless cannot be attained
in practice. The notion of objective information depicted by the Dunn-
Belnap’s semantics is unsuitable to vindicate the time-honoured view of
logical inference as an information-processing device. What we need in-
stead is a semantics based on the notion of actual information, i.e., to put
it with Jaakko Hintikka, information that “we actually possess (as distin-
guished from the information we have available to us) and with which we
can in fact operate” [28, p. 229]. Hintikka’s idea is that a relation between
an agent a and a sentenceA obtains if and only if a actually, and not only
potentially, possesses the information that A is true (respectively, false)
and can operate with it.
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Such a notion of actual information is at the core of the informational
semantics for CPL developed by D’Agostino and co-authors [15–17, 19],
in which the meaning of an n-ary logical operator ⋆ is ultimately based on
an intuitive, albeit non-deterministic, 3-valued semantics based on purely
informational notions.1 Theproof-theoretic characterization given in [15,
16,19] is based on introduction and elimination (intelim) rules that, unlike
those of Gentzen-style natural deduction, involve no “discharge” of tem-
porary assumptions. The resulting logical system, which is called 0-depth
logic, consists of the consequence relation associated with the intelim rules
only, is computationally easy (tractable).

Canwe define in a similar way an informational version of FDE, namely,
a logical system based on the notion of actual information, which, unlike
the informational semantics for CPL, is suitable to model databases that
receive data from multiple sources and have a propensity to become in-
consistent? Can we also define suitable tractable approximations to the
full FDE logic? Inspired by work of D’Agostino [14], Fitting and Avron
[5,25,26], we first shift to signed formulae, namely, expressions of the form
TA, FA, T∗A, F∗A, whereA is an unsigned formula. To address the ques-
tion above, we let signs express imprecise values associated with two dis-
tinct bipartitions of 4. Denoting an agent with a and a valuation with v,
their intended interpretation is as follows:

• TA is read as “a holds thatA is at least true” and expresses that v(A) ∈
{t, b};

• FA is read as “a holds that A is non-true” and expresses that v(A) ∈
{f,n};

• T∗A is read as “a holds that A is non-false” and expresses that v(A) ∈
{t,n};

• F∗A is read as “a holds thatA is at least false” and expresses that v(A) ∈
{f, b}.

Crucially, S-formulae of the form TA or F∗A express information that a
may hold even without a complete knowledge of the set sources Ω. These
values are “stable” and require no complete information about the set of
sourcesΩ.However, this isnot thecaseof theother two types of S-formulae,
T∗A and FA, which involve complete knowledge of Ω and so can only be

1 This non-deterministic 3-valued semantics was anticipated by Quine [33] and later rediscovered by
Crawford and Etherington [13]. However, Quine did not develop this idea into a fully-fledged logical
system and did not link it computational complexity. Crawford and Etherington, on the other hand,
clearly related their semantics to computational complexity and to tractable approximations of CPL,
but also failed to provide a convincing systematic development of their intuition.
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assumed hypothetically. The choice of such stable imprecise values is im-
plicit in the choice of the set of designated values by Belnap.

Once the shift from precise to imprecise values is completed, we are
ready to define a logical system, that we call 0-depth FDE, which is based
on the notion of actual information, in the sense that it validates only infer-
ences that an agent can draw without making hypotheses about the “ob-
jective” informational situation concerning the whole of Ω, i.e., without
making hypothetical assumptions that go beyond the information that she
holds. The formal details of the 0-depth logic are provided below. Here, we
want to anticipate the way in which the 0-depth logic addresses the three
problems marring the Dunn-Belnap’s semantics discussed in the previous
section. First, agents can be told not only about the values of atoms, but
also about the values of complex sentences. In particular, an agent may
hold the information that TA ∨ B, but neither the information that TA
nor that TB. Similarly, she may hold the information that F∗A ∧ B, but
neither the information that F∗A nor that F∗B. Second, the 0-depth logic
does not require agents to have complete knowledge about the sources in
Ω, but agents are required to draw all the consequences of the informa-
tion that they actually hold. Here, the meaning of the logical operators is
provided in terms of the information that agents actually possess. Third,
the 0-depth logic turns out to be tractable, that is to say, there is a feasi-
ble mechanical procedure to answer to all questions concerning potential
0-depth consequences of a set of assumptions.

4.1. Intelim sequences
Inwhat followswe shalluse signed formulae (S-formulae for short), namely
expressions of the form TA, FA, T∗A, F∗A, where A is an unsigned for-
mula, interpreted as specified above. Now, we say that the conjugate of
TA is FA and vice versa, and that the conjugate of T∗A is F∗A and vice
versa. Besides, we shall write TΓ for {TA |A ∈ Γ}. Moreover, we shall use
φ,ψ, θ, . . ., possibly with subscripts, as variables ranging over S-formulae;
andX,Y, Z, . . ., possibly with subscripts, as variables ranging over sets of
S-formulae. Further, let us use φ̄ to denote the conjugate of φ. Finally,
we say that the unsigned part of an S-formula is the unsigned formula that
results from it by removing its sign. Given an S-formula φ, we denote by
φu the unsigned part of φ and byXu the set {φu |φ ∈ X}.

A natural proof-theoretic characterization of 0-depth logic is obtained
by means of the set of introduction and elimination (intelim) rules respec-
tively displayed in Table 1 and 2. Then, the analogous 0-depth system for
CPL in [15,16,19] is characterized by the intelim rules obtained by remov-
ing all the starred signs, replacing them with the unstarred signs T and F,
interpreted as “only true” and “only false”, and eliminating duplicates.
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Table 1 Introduction rules for the standard FDE connectives.

FA
FA ∧B

FB
FA ∧B

F∗A
F∗A ∧B

F∗B
F∗A ∧B

TA
TA ∨B

TB
TA ∨B

T∗A
T∗A ∨B

T∗B
T∗A ∨B

TA
TB

TA ∧B

FA
FB

FA ∨B

T∗A
T∗B

T∗A ∧B

F∗A
F∗B

F∗A ∨B

TA
F∗¬A

FA
T∗¬A

T∗A
F¬A

F∗A
T¬A

Table 2 Elimination rules for the standard FDE connectives.

FA ∧B
TA
FB

FA ∧B
TB
FA

F∗A ∧B
T∗A
F∗B

F∗A ∧B
T∗B
F∗A

TA ∧B
TA

TA ∧B
TB

T∗A ∧B
T∗A

T∗A ∧B
T∗B

TA ∨B
FA
TB

TA ∨B
FB
TA

T∗A ∨B
F∗A
T∗B

T∗A ∨B
F∗B
T∗A

FA ∨B
FA

FA ∨B
FB

F∗A ∨B
F∗A

F∗A ∨B
F∗B

T¬A
F∗A

F¬A
T∗A

T∗¬A
FA

F∗¬A
TA

First of all, notice that, starting with a set TΓ – or, more generally, from
a set of formulae signed with T or F∗, i.e. formulae with stable values –
there is no way of obtaining S-formulae of the form FA or T∗A, that is to
say, formulae with unstable values. Given that the intelim rules have all a
linear format, their application generates intelim sequences:
Definition 4.1.

• Given a set X of S-formulae, an intelim sequence for X is a sequence
φ1, . . . , φm of S-formulae such that, for every i = 1, . . . ,m, either
φi ∈ X or it is the conclusion of the application of an intelim rule to
preceding S-formulae.

• An intelim sequence is closed if it contains an S-formula φ and its con-
jugate φ̄; otherwise, it is open.
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• A 0-depth intelim proof of φ fromX is an intelim sequence forX such
that φ is the last S-formula in the sequence.

• An 0-depth intelim refutation ofX is a closed intelim sequence forX .
In Figure 2 we show simple examples of intelim sequences, where each

assumption is marked with an “@”. We shall abuse of the same relation
symbol “⊢0” to denote 0-depth deducibility and refutability, defined as
follows:
Definition 4.2. For allX , φ
• φ is 0-depth deducible from X , X ⊢0 φ, iff there is a 0-depth intelim

proof of φ fromX ;
• X is 0-depth refutable, X ⊢0, iff there is a 0-depth intelim refutation

ofX .
Several properties of the logic ⊢0 are proved and discussed in [20]. To

begin with, the logic ⊢0 is shown to be a (finitary) Tarskian propositional
logic; i.e.,⊢0 satisfies reflexivity,monotonicity, cut, andstructurality.More-
over, logic ⊢0 is proved to satisfy the subformula property, which is a key
property of logical systems in that it allows us to search for proofs or refu-
tations by analytic methods; i.e., by considering solely deduction steps in-
volving formulae that are “contained” in the assumptions, or also in the
conclusion in the case of proofs. This implies a drastic reduction of the
search space which is crucial for the purpose of automated deduction.
Last, logic ⊢0 is shown to be tractable, i.e., decidable in practice, and a
simple decision procedure for 0-depth refutability and 0-depth deducibil-
ity is provided.

T¬(A ∨B)@

T¬C@

F∗A ∨B
F∗A
F∗C
F∗A ∨ C
T¬(A ∨ C)

T¬(A ∧B)@

F¬A ∨ ¬B@

F∗A ∧B
F¬A
F¬B
T∗A
F∗B
T∗B
×

Figure 2 Intelim sequences.

4.2. Non-deterministic semantics
The signs of our intelim method can be taken as imprecise truth-values
represented by the pairs {t, b}, {t,n}, {f, b}, {f,n}—interpreted, respec-
tively, as “at least true”, “non-false”, “at least false” and “non-true” — that
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intuitively encode partial information about the standard truth-values in
4 (see [5, 6]). To avoid notational proliferation we use the same symbols
T, T∗, F∗, F for such imprecise values as well as for the signs. We can then
reformulate Dunn’s semantics in terms of imprecise values as follows:

¬Aη T iff Aη F∗ (4.1)
¬Aη T∗ iff Aη F (4.2)
¬Aη F∗ iff Aη T (4.3)
¬Aη F iff Aη T∗ (4.4)

A ∨B η T iff Aη T orB η T (4.5)
A ∨B η T∗ iff Aη T∗ orB η T∗ (4.6)
A ∨B η F∗ iff Aη F∗ andB η F∗ (4.7)
A ∨B η F iff Aη F andB η F (4.8)
A ∧B η T iff Aη T andB η T (4.9)
A ∧B η T∗ iff Aη T∗ andB η T∗ (4.10)
A ∧B η F∗ iff Aη F∗ orB η F∗ (4.11)
A ∧B η F iff Aη F orB η F (4.12)

An η-valuation is a relation that sasisfies the above conditions as well as
the following two “metaconsistency conditions” for all formulae A:

It is not the case that Aη T and Aη F (4.13)
It is not the case that Aη T∗ and Aη F∗ (4.14)

The validity of these conditions can be easily verified by means of the
Dunn-Belnap matrix (Figure 1) and it is not difficult to show that this se-
mantics via imprecise values is equivalent to the standard one. Again, the
relation η is not a function, for the same formula can be related to more
than one value. More specifically, a formula may be related to any pair
{S1, S2} of imprecise values such that S1 ∩ S2 ̸= ∅. This is equivalent to
assigning a precise value to the formula, as in the following table:

if then
Aη T and Aη T∗ A is t
Aη T and Aη F∗ A is b
Aη F and Aη F∗ A is f
Aη F and Aη T∗ A is n

But this is not the whole story. In our conceptual framework, the value of
a formula A may be completely undefined when the agent’s information
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about Ω is insufficient even to establish any of the imprecise values. Sup-
pose, for example, that in absence of complete information, an agent has
not yet received any answer to the query “A?” from any of the sources and
has no a priori reason to believe that, for any yet unobserved source in Ω,
A will never be “told true” or will never be “told false”. In this case, none
of the partially defined imprecise values can be assigned to A. This may
concern any kind of formula, including atomic ones. Moreover, when A
is a compound formula, it may well be that both components are assigned
imprecise values by η and yet none of the imprecise values can be assigned
to it. Suppose for example thatAη F∗ andB η F. It is not difficult to check
that this assignment is compatible with any of the imprecise values for
A ∨ B. It may be that A ∨ B η T in case A is “precisified” into b; or it
may be that A ∨ B η T∗ if B is precisified into n; or, else, it may be that
A ∨ B η F∗ if B is precisified into f; finally, it may be that A ∨ B η F if A
is precisified into f. Under these circumstances we shall say that A ∨B is
completely undetermined. In general, we shall write Aη⊥ to mean that
the (possibly atomic) formula A is undetermined. In the context of this
paper the symbol “⊥” stands for “the undefined value”,2 and should note
be confused with n which is a defined value.3

It is technically convenient to treat ⊥ as a fifth imprecise value. In-
tuitively, full indeterminacy or ignorance about a formula amounts to a
situation in which all imprecise values are admissible. This in the sense
that the agent’s information is not sufficient to discard any of them and
⊥ may eventually be precisified into one of them by the development of
the agent’s querying process. However, while the other imprecise values
provide some partial information about the “real” value, ⊥ is utterly un-
informative.

As already mentioned, there is no reason to assume that an agent is
“told” about the values of atoms only. In most practical contexts, it may
well be that the agent is told by some sources that a certain disjunction
is true without being told which of the two disjuncts is the true one; or,
analogously, that a certain conjunction is false, without being told which
of the two conjuncts is the false one. In such circumstances, the agent is left

2 This is the intendedmeaning of⊥ in information orders theory, where it typically denotes the bottom
element. In logic ⊥ is often used for the “absurd”.
3 Interestingly, [24] considers a variant of Belnap’s 4-valued logic that results from introducing a fifth
“undetermined” value corresponding to the case in which the computer is unable, possibly because of
a fault, to retrieve the value of a formula. Albeit the motivation is somewhat similar, the proposed so-
lution is quite different and is not related to the problem of defining tractable approximations. More-
over, (i) our explanation of the need for a fifth value is based on epistemic consideration and (ii) we
add the fifth imprecise value to the the four imprecise values to characterize tractable subsystems of
FDE fully in terms of more realistic imprecise values.
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in abeyance as far as the values of the components are concerned. Thus,
for example, it may well be that an agent is told by some sources that the
A∨B is true, or thatA∧B is false, without being told anything about the
components by any of the sources (see Dummett’s quotation in Section 3,
Quine on the “primitive meaning of the logical operators” [33, pp. 76–
77] and p. 7 above). In this case, the components are both undefined, but
the disjunction is “at least true” (T) and the conjunction is “at least false”
(F∗). This violates conditions (4.5) and (4.7) above. However, like in the
username and password example (p. 7), we may assume that all the condi-
tions (4.1)–(4.14) hold, ideally, under complete information about all the
sources.4 In other cases, both the components are undefined and so is
their disjunction (conjunction). This prompts for the introduction in the
η relation of the same kind of non-determinism that is exhibited by the
classical operators in an informational setting and cannot be represented
by any “iff” conditions (see [19, Chapter 1]).

Let 5 be the set {T, T∗, F∗, F,⊥}. Let us call “η-relatives” ofA all the val-
ues in 5 that are related to A by η. The tables in Figure 3 display the suffi-
cient conditions for the η-relatives of a compound formula in terms of the
η-relatives of its components. In the tables for the binary operators, some
entries specify that two signs are both η-relatives of the compound formula
conjunctively. For example whenAη T andB η T∗,A∨B is related to both
T andT∗. As observed above, this amounts to saying thatA∨B is t.5 Other
entries present alternative values for the compound formula each of which
is admissible as a possible η-relative and can be non-deterministically se-
lected depending on the available information. For example, in the table
for∨, whenAη⊥ andB η F, either of⊥ and T∗ is an admissible η-relative
of A ∨ B. In some informational contexts the disjunction will be unde-
termined (when B is precisified into f), in others it will be T∗ (when B is
precisified into n). Observe that such a precisification of the value of B
can attain only under complete knowledge of the reliable sources for B.
When both components are totally undetermined,A∨B, may eventually
turn out to be T (when eitherA∨B is precisified into T) or T∗ (when either
A ∨ B is precisified into T∗), or else remain undetermined. Similar con-
sideration explain the table for ∧, while the table for ¬ is self-explanatory.
We shall call these tables 5N-tables. A non-deterministic 5-valuation (5N-

4 We may concede that certain pieces of information, in some contexts, are “irrimediably disjunctive”
in nature, in which case (4.5) and (4.7) would be violated even under complete information about the
sources. However, we shall not deal with scenario in the present paper.
5 In a relational context there is no need to introduce precise values, since they can be simulated by
relating a formula to two imprecise values. So, in the table for ∨, t is only an abbreviation of “both T
and T∗”. Similarly, in the table for ∧, f is an abbreviation of “both F and F∗”.
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∨ T F T∗ F∗ ⊥
T T T t T T
F T F T∗ ⊥ ⊥, T∗
T∗ t T∗ T∗ T∗ T∗

F∗ T ⊥ T∗ F∗ ⊥, T
⊥ T ⊥, T∗ T∗ ⊥, T T, T∗,⊥

∧ T F T∗ F∗ ⊥
T T F ⊥ F∗ ⊥, F∗
F F F F f F
T∗ ⊥ F T∗ F∗ ⊥, F
F∗ F∗ f F∗ F∗ F∗

⊥ ⊥, F∗ F ⊥, F F∗ F, F∗,⊥

¬
T F∗

F T∗

T∗ F
F∗ T
⊥ ⊥

Figure 3 5N-tables.

valuation for short) is a relation η : F (L)×5 that agreeswith the 5N-tables
in the following sense:

If Aη x, then¬Aη y where y is the (only) value correspond-
ing to x in the table for ¬.

If Aη x andB η y then A ◦ B η z for some z displayed in the entry
⟨x, y⟩.

Recall that, in our setting,A∨B η t is simply an abbreviation for “A∨B η T
andA∨B η T∗”. Similarly,A∧B η f is an abbreviation for “A∧B η F and
A ∧B η F∗”.

Moreover, a 5N-valuation must satisfy, in addition to the “metaconsis-
tency conditions” (4.13) and (4.14), also the following additional one:

It is not the case that Aη⊥ and Aη x with x ∈ 5 \ {⊥}. (4.15)

In otherwords, no formula can have an informative imprecise value and be
completely undetermined at the same time. That a 5N-valuation η satisfies
a signed formula SA obviously means that η relates A to the imprecise
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value corresponding to the sign S. A set X is said to be 5N-satisfiable if
there is a 5N-valuation η which satisfies every element ofX .

Definition 4.3. For allX , φ,

• φ is a 0-depth consequence ofX ,X ⊨0 φ, iff for every 5N-valuation η,
η satisfies φ whenever η satisfies all the elements ofX ;

• X is 0-depth inconsistent,X ⊨0, iff it is not 5N-realizable.

Example 4.4. {T(A ∨B) ∧ ¬A} ⊭0 TB ∨ (A ∧ ¬A)
Any 5N-valuation η such that

A B A ∨B ¬A (A ∨B) ∧ ¬A A ∧ ¬A B ∨ (A ∧ ¬A)
F∗ ⊥ T T T F∗ ⊥

satisfies the premise but not the conclusion. The assignments in columns
3 and 7 are non-deterministic.

Example 4.5. {T¬(A ∧B)} ⊭0 T¬A ∨ ¬B
Any 5N-valuation such that

A B ¬A ¬B A ∧B ¬(A ∧B) ¬A ∨ ¬B
T ⊥ F∗ ⊥ F∗ T ⊥

satisfies the premise but not the conclusion. The assignments in columns
5 and 7 are non-deterministic.

It can be shown that:

Proposition 4.6. X ⊨0 φ if and only ifX ⊢0 φ.

The proof can be adapted from the similar proof for the 0-depth approxi-
mation of CPL [15, 19].

5. Virtual information: k-depth FDE

As argued above, the intelim rules characterise the 0-depth logic, which
validates only inferences that are based on actual information only, with-
out making hypotheses about the objective informational situation con-
cerning the whole set of sources Ω. As a consequence, the intelim rules
are all sound, but not complete for full FDE.

The full deductive power of FDE can be retrieved by allowing agents to
use not only their actual information, but also to make hypotheses con-
cerning the whole of Ω. Completeness for full FDE is thus obtained by
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adding only two branching structural rules, according to which we are al-
lowed to:

(i) append both TA and FA as sibling nodes to the last element of any
intelim sequence;

(ii) append both T∗A and F∗A in a similar way.

These rules are respectively called PB and PB∗ as they are closely related
to a generalized Principle of Bivalence. Observe that each application of
these rules amounts tomaking hypotheses about the outcome of a (partial)
precisification of an undetermined sentence. So, their unbounded appli-
cations amounts to a (partial) precisification of all subformulae involved
and yields full FDE.

The intuitivemeaning of these rules is that one of the two casesmust ob-
tain considering the whole ofΩ even if the agent has no actual information
about which is the case. In this sense, we call the information expressed by
each conjugate S-formula virtual (as opposed to actual) information; i.e.,
hypothetical information that the agent does not hold, but she temporarily
assumes as if she held it.6

Intuitively, themore virtual information needs to be invoked, the harder
the inference is for the agent, both from the computational and the cogni-
tive viewpoint. Following this idea, D’Agostino and co-authors ( [15–17,
19]) defined the depth of a valid inference in CPL as the number of nested
applications of PB. This conceptual step naturally led to the definition of
an infinite hierarchy of tractable depth-bounded approximations to CPL
in terms of the maximum number of nested applications of PB that are
allowed. Here, we follow the same strategy by holding that the nested ap-
plications of PB and PB∗ provide a sensible measure of inferential depth
in FDE. Thus, we define an infinite hierarchy of tractable depth-bounded
approximations to the logic in terms of the maximum number of nested
applications of the branching rules that are allowed.

Such a hierarchy can be intuitively associated with a hierarchy of in-
creasingly idealized agents with more and more — albeit always bounded
—cognitive and computational resources or inferential power. Note, how-
ever, that the inferential depth associated with an agent is not intended to
be interpreted as an upper bound on her inferential power. Rather, it is
understood as the maximum depth for which it is guaranteed that, if she
possesses the information explicitly carried by the assumptions, she pos-
sesses the information explicitly carried by the conclusion.

6 Notice that for CPL only the first rule, PB, with T and F interpreted as “only true” and “only false”,
makes sense and is sufficient for completeness.
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5.1. Intelim trees
As anticipated above, we obtain completeness for full FDE by adding to
the intelim rules the following two branching structural rules, which are
respectively called PB and PB∗ 7

TA FA T∗A F∗A

In what follows, to keep things simple, we require A to be a subformula8
of Γ ∪ {B}, i.e. the set consisting of the premises Γ and of the conclusion
B of the given inference, and we denote by sub the function that maps
any given set Γ of formulae to the set of all its subformulae. However, the
“virtual space”, namely, the set of formulae that can be introduced through
these rules, can be bounded in a variety of ways without loss of complete-
ness (see [19] for various options in the context of CPL).

With the addition of PB and PB∗ to the stock of rules, deductions are
represented by downward-growing trees, which brings the method some-
what closer to tableaux. Each application of PB or PB∗ stands for the in-
troduction of virtual information about the imprecise value of a formula
A, which we shall respectively call the PB-formula or PB∗-formula. Note
once again that, whereas signed formulae of the form TA and F∗A repre-
sent information that may be empirically obtained (when A turns out to
be b), signed formulae of the form T∗A and FA are obtainable only by ap-
plying PB or PB∗. In turn, any S-formulae appended via those branching
rules will be called a virtual assumption. Moreover, from our informa-
tional viewpoint, the main conceptual advantage of this proof-theoretic
characterization consists in that it clearly separates the intelim rules that fix
the meaning of the connectives in terms of the information that an agent
holds from the two structural rules that introduce virtual information (PB
and PB∗). Informally, an intelim tree based on a set X of signed formu-
lae is a tree constructed by applying the intelim and the branching rules
starting from the S-formulae inX . A branch of an intelim tree is closed if
it contains an S-formula φ and its conjugate φ̄; otherwise, it is open. An
intelim tree is said to be closed when all its branches are closed; otherwise,
it is open. An intelim proof of φ from X is an intelim tree T based on X
such that φ occurs in all open branches of T . An intelim refutation of X
is a closed intelim tree T based onX .

7 Generalizations of the rule of bivalence have been fruitfully used in the context of many-valued and
substructural logics (see [10, 18, 27]).
8 For every formula A, a subformula of A is defined inductively: (i) A is a subformula of A; (ii) for
every binary operator ◦, ifB◦C is a subformula ofA, then so areB andC ; (iii) if¬B is a subformula
of A, so is B; (iv) nothing else is a subformula of A.
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Note that every refutation ofX is, simultaneously, a proof of φ fromX ,
for every φ. This is because there are no open branches and so the con-
dition that φ occurs at the end of all open branches is vacuously satisfied.
This is, of course, a kind of explosivity, but it regards signed formulae, and
it is compatible with the non-explosivity regarding formulae in FDE. The
reason is that a set consisting only of S-formulae of the form TA cannot be
refuted. First, observe that, starting from a set TΓ, there is no way of ob-
taining S-formulae of the form FA or T∗A by applying only intelim rules.
The only way of obtaining formulae of such forms is by applying PB or
PB∗ and, thus, adding virtual information. Nonetheless, a set TΓ cannot
lead to a closed tree even if we add virtual information when unfolding
the information contained in TΓ. In fact, it can be shown, by induction
on the number of nodes that any intelim tree based on a set TΓ has at least
one branch containing only S-formulae of the form TA or F∗A and so it
cannot be closed. Only mixed sets, containing S-formulae signed with T
and S-formulae signed with F can be refuted. This allows for the analog of
proofs ex-absurdo of a formula TA from a set TΓ.

The fact that every intelim tree based on a set TΓ is open corresponds to
the fact that for every set Γ of unsigned formulae there exists a 4-valuation
such that all the formulae in Γ obtain a designated value.

As in the classical case, the maximum number of nested applications of
the branching rules provide a sensible measure of inferential depth:
Definition 5.1. The depth of an intelim tree T is the maximum number
of virtual assumptions occurring in a branch of T . An intelim tree T is a
k-depth intelim proof of φ fromX (a k-depth intelim refutation ofX) if T
is an intelim proof of φ from X (an intelim refutation of X) and T is of
depth k.

Note that a 0-depth intelim tree is nothing but an intelim sequence. Ex-
amples of, respectively, two proofs of depth 1, a refutation of depth 1, and
a proof of depth 2, are given in Figure 4. Again, each assumption ismarked
with an “@”. The notion of k-depth deducibility depends on the depth at
which the use of virtual information is recursively allowed (as well as on
the restriction on the virtual space discussed above). So, finally:
Definition 5.2. For allX , φ, for k > 0,X ⊢k φ iffX ∪ {ψ} ⊢k−1 φ and
X ∪ {ψ̄} ⊢k−1 φ for some ψu ∈ sub(Xu ∪ {φu}).

WhenX ⊢k φ, we say that φ is deducible at depth k fromX . The above
definition covers also the case of k-depth refutability takingX ⊢k as short-
hand for “X ⊢k φ for all φ”. When X ⊢k, we say that X is refutable at
depth k.

We shall abuse of the same relation symbol “⊢k” to denote k-depth de-
ducibility and refutability.
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Figure 4 k-depth intelim proofs and refutations

Observe that in the above definition the pair of S-formulae, ψ and ψ̄, de-
note a pair of (conjugate) virtual assumptions introduced by respectively
PB or PB∗. Thus, according to the definition,X ⊢k φ iff the conclusion φ
is obtained at depth k − 1 by introducing either TA and FA, or T∗A and
F∗A, as virtual assumptions, for someA. This corresponds to the fact that,
in our intelim method, a formula φ may be obtained at a certain depth
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by introducing whichever TA or FA by an application of PB but not by
introducing T∗A or F∗A by an application of PB∗ and vice versa.

Now, it follows immediately from Definitions 5.1 and 5.2 that for allX ,
φ, X ⊢k φ (X ⊢k) iff there is a k-depth intelim proof of φ from X (a
k-depth intelim refutation ofX).

Several properties of the approximations ⊢k are discussed in [20]. To
begin with, the k-depth deducibility relations ⊢k are shown to satisfy re-
flexivity, monotonicity, but not cut. However, it is easy to verify that the
relations ⊢k satisfy the following version of cut: if X ⊢j φ and X ∪
{φ} ⊢k ψ, then X ⊢j+k ψ. Structurality depends on how the virtual
space is restricted, and it is satisfied under our simplifying assumption
that PB-formulae and PB∗-formulae must belong to sub(Xu ∪ {φu}),
i.e., must be subformulae of the premises or of the conclusion. Moreover,
each approximation ⊢k satisfies the subformula property and is shown to
be tractable. A simple decision procedure for k-depth refutability and k-
depth deducibility is also provided.

5.2. Fixed depth approximations

Examples 4.4 and 4.5 above are valid inferences in FDE that are not so in
the 0-depth approximation. Again, the latter is simply the logic of deduc-
tive reasoning restricted to the use of actual information. For those valid
inferences that cannot be justified solely by themeaning of the connectives
— i.e., by the 5N-tables — the incorporation of virtual information is re-
quired. This is information that is not even potentially contained in the
current information state. Accordingly, the k-depth logics, k > 0, require
the simulation of virtual extensions of the current information state.

The k-depth approximation relation is defined by a simple recursion on
the basis of the 0-depth consequence relation.

Definition 5.3. For allX , φ, for k > 0,X ⊨k φ iffX ∪ {ψ} ⊨k−1 φ and
X∪{ψ̄} ⊨k−1 φ for someψu ∈ sub(Xu∪{φu}). WhenX ⊨k φ (X ⊨k),
we say that φ is a k-depth consequence ofX (X is k-depth inconsistent).

Given Definition 5.2, it is far from surprising that X ⊢k φ if and only
X ⊨k φ.

6. Final remarks

Approximations to (fragments, full, or extensions of) CPL via tractable
subsystems of increasing inferential power have been investigated since
1990s (e.g. [9, 13, 21, 30, 35]). A hierarchy of tractable depth-bounded ap-
proximations to CPL, based on an intelim method analogous to the sys-
tems presented in this paper, was widely studied in e.g., [15, 16, 19]. This
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approach has given rise to an articulated research programme at the cross-
road of philosophy, mathematical logic and computer science. Its main
ideas have been applied and extended in recent works and are at the core
of ongoing and future research projects (details can be found in [19]).

This paper, by providing the philosophical motivations and premises
to interpret FDE in more realistic informational terms, contributes to the
project of extending the depth-bounded approach to non-classical con-
texts. Moreover, as outlined in [20], this work can be naturally extended
to the logics LP and K3, which are closely related to FDE and can be in-
terpreted along the lines of the informational semantics of FDE presented
in this paper. Further, the approximations to the simple paraconsistent
logics FDE and LPmight serve — both conceptually and technically — as
a starting point to extend the approach to other paraconsistent logics such
as the logics of formal inconsistency (LFIs) [11] and the logics of evidence
and truth (LETs) [34].
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Hypersequent calculi
for AGM belief revision

1. Introduction
Belief change is ubiquitous in ordinary life as well as in scientific theoriz-
ing. Historically, a prominent role in the formal analysis of belief change
has been played by the framework proposed by Alchourrón, Gärdenfors
and Makinson in 1985 [1].

In the AGM model, beliefs are represented by (classically invalid) for-
mulas in a standard formal language for classical propositional logic, and
attention is restricted on sets of beliefs closed under classical consequence
– typically, under the assumption that a rational agent is committed to be-
lieve all the consequences of the beliefs she actually holds [16]. For any
belief set K and any formula A, three types of belief change involving K
and A are taken into consideration:

(i) the expansion of K by A, which results into the smallest logically
closed set includingK and A;

(ii) the contraction of K by A, which yields a subset of K not contain-
ing A;

(iii) the revision ofK byA, which amounts to the addition ofA toK along
with the removal of sentences fromK in order to ensure consistency
of the resulting belief set.

In analogy with previous work on propositional default logics [24], this
paper introduces a proof-theoretic approach to AGM belief revision cen-
tered on a non-standard notion of hypersequent.

Hypersequents are lists of sequents separated by a bar, originally con-
ceived to provide analytic calculi for modal and intermediate logics lack-
ing cut-free sequent calculi [2, 4]. We modify the notion of hypersequent
in order to embed within derivation trees the consistency checks involved
in AGM belief revision: specifically, we redefine hypersequents as hybrid
constructs, each comprising a sequent and a set of antisequents. Depart-
ing from the conventional disjunctive interpretation of the separating bar,
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we embrace a conjunctive reading [13, 23]. In this framework, antise-
quents within a hybrid hypersequent furnish contrary updates concerning
the provability of the associated sequent.

The paper is organized as follows. Section 2 introduces the formal ap-
paratus for handling axiomatic extensions of classical logic, namely hy-
brid sequent calculi with crucial properties. Section 3 contains the proof-
theoretic results concerningmaximally consistent subsets of sets of clauses
that we will subsequently employ. In Section 4, we offer a constructive
presentation of base-generated belief revision in terms of maximally con-
sistent subsets of base-generated belief expansion. In Section 5, our focus
shifts to hybrid hypersequent calculi. Here, we establish admissibility of
structural rules, invertibility of logical rules and the full subformula prop-
erty for cut-free proofs. We present hybrid hypersequent calculi that are
sound and (weakly) complete with respect to (refined) base-generated be-
lief revision, showing that they fail to be strongly complete due to their
non-monotonic behaviour in relation to the addition of extra-logical ax-
ioms. Finally, in Section 6 we sketch some directions for future research.

2. Preliminary notions and results
We use capital Greek letters Γ,∆,Π,Σ, . . . to denote finite sets of formu-
las, and Θ,Λ . . . to denote sets of atomic formulas. For any context Γ we
shall be adopting the following conventions: If Γ =

{
A1, A2, . . . , An

}
,

then

Γ⊥ =
{
¬A1,¬A2, . . . ,¬An

} ∧
Γ = A1 ∧A2 ∧ · · · ∧ An∨

Γ = A1 ∨A2 ∨ · · · ∨ An.

For Γ = ∅, we set Γ⊥ = Γ,
∧
Γ = ⊤, and

∨
Γ = ⊥, where ⊤ and ⊥

stand for an arbitrarily chosen tautology and contradiction, respectively.
The logical complexity C(A) of a formulaA is 1 ifA is atomic, C(B)+ 1 if
A is of the form¬B and C(B)+C(C)+1 ifA is of the formB⊗C , with
⊗ ∈ {∧,∨,→}. The measure C can be easily extended to any multiset
Γ = A1, . . . , An by writing C(Γ) = C(A1) + . . .+ C(An).

We shall be dealing with Gentzen-style sequents Γ ⊢ ∆ as well as an-
tisequents Γ ⊣ ∆, where Γ ⊣ ∆ is valid if, and only if, Γ ⊢ ∆ is in-
valid [6, 7, 25]. In the case of classical logic, an antisequent is valid if and
only if there exists some Boolean valuation verifying all the formulas in Γ
and falsifying all those in ∆.

The system G4 for classical propositional logic is imported from [21,
27], with logical contexts handled as sets of formulas. In particular, G4 is
obtained by adding to the originalKleene’sG4 [14, pp. 289-290, p. 306] the
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complementary axiom ax
Θ ⊣ Λ , whereΘ∩Λ = ∅, as well as distinct

rules for antisequents. Whenever generalizing over the union of sequents
and antisequents, we write Γ ∗ ∆: the measure C can be extended to any
(anti)sequent Γ ∗ ∆ by writing C(Γ ∗ ∆) = C(Γ) + C(∆).

axioms
ax

Γ, p ⊢ p,∆
ax

Θ ⊣ Λ

logical rules

Γ ⊢ ∆, A
L¬

Γ,¬A ⊢ ∆

Γ ⊣ ∆, A
L′¬

Γ,¬A ⊣ ∆

Γ, A ⊢ ∆
R¬

Γ ⊢ ∆,¬A
Γ, A ⊣ ∆

R′¬
Γ ⊣ ∆,¬A

Γ, A,B ⊢ ∆
L∧

Γ, A ∧B ⊢ ∆

Γ, A,B ⊣ ∆
L′∧

Γ, A ∧B ⊣ ∆

Γ ⊢ ∆, A Γ ⊢ ∆, B
R∧

Γ ⊢ ∆, A ∧B

Γ ⊣ ∆, Ai
R′

i∧Γ ⊣ ∆, A1 ∧A2

A,Γ ⊢ ∆ B,Γ ⊢ ∆
L∨

A ∨B,Γ ⊢ ∆

Ai,Γ ⊣ ∆
L′
i∨A1 ∨A2,Γ ⊣ ∆

Γ ⊢ ∆, A,B
R∨

Γ ⊢ ∆, A ∨B

Γ ⊣ ∆, A,B
R′∨

Γ ⊣ ∆, A ∨B

Γ ⊢ ∆, A Γ, B ⊢ ∆
L →

Γ, A → B ⊢ ∆

Γ ⊣ ∆, A
L′
1 →

Γ, A → B ⊣ ∆

B,Γ ⊣ ∆
L′
2 →

Γ, A → B ⊣ ∆

Γ, A ⊢ ∆, B
R →

Γ ⊢ ∆, A → B

Γ, A ⊣ ∆, B
R′ →

Γ ⊣ ∆, A → B

Figure 1 G4 and G4 sequent calculi.

Any G4-derivation π may end either in a sequent Γ ⊢ ∆ or in an antise-
quent Γ ⊣ ∆: in the first case, we say that π is a proof for Γ ⊢ ∆; in the
second, π qualifies as a refutation for Γ ⊢ ∆. Furthermore, let us remark
that any occurrence of the comma in an (anti)sequentΓ ∗ ∆ is interpreted
over set-theoretic union: we assume that any potential multiplication of
formula occurrences in the conclusion of an application of a G4 rule is
implicitly erased.
Example 2.1. This is aG4-proof of the sequent q ⊢((p∨¬p)∨(p∨¬p))∧q:

ax
q, p ⊢ p ¬R
q ⊢ p,¬p

∨R
q ⊢ p ∨ ¬p

∨R
q ⊢ (p ∨ ¬p) ∨ (p ∨ ¬p)

ax
q ⊢ q

∧R
q ⊢ ((p ∨ ¬p) ∨ (p ∨ ¬p)) ∧ q
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We can decompose any (anti)sequent Γ ∗ ∆ into a set of atomic
(anti)sequents, using bottom-up the rules L¬, R¬, L∧, R∧, L∨, R∨,
L→, R→ in Figure 1, with ∗ in place of ⊢, until each leaf of the resulting
tree ends with an atomic (anti)sequent.

We recall two crucial features of the G4 proof system:

Proposition 2.2. G4 proves (refutes) Γ ⊢ ∆ if and only if the formula∧
Γ→

∨
∆ is classically valid ( invalid).

Proposition 2.3. MaximalG4-decomposition yields a unique set of atomic
(anti)sequents.

Proof. For a proof see [3, 21].

Proposition 2.3 allows us to directly refer to the set of top-clauses as-
sociated with a certain (anti)sequent Γ ∗ ∆, being such a decomposi-
tion independent of the specific derivation delivering it. In particular,
we write top(Γ ∗ ∆) to indicate the set of top-sequents associated with
Γ ∗ ∆, and topc(Γ

∗ ∆) to indicate the set of the top-sequentsΘ ⊣ Λ ∈
top(Γ ∗ ∆). Moreover, we use top⋆

c(Γ
∗ ∆) to denote the complemen-

tary clauses in the closure under Cut of top(Γ ∗ ∆), and cnf(A) to refer
to the conjunction of the formula translations of the clauses in topc(

∗ A)
(if any) in one-sided format. Finally, if C is a set of clauses, then we write
C∗ to denote the closure under Cut of C.
Example 2.4. This is a decomposition-tree of ∗ ((p→ q)∧ (p∨ s))→ r:

∗ ((p→ q) ∧ (p ∨ s))→ r
R →

(p→ q) ∧ (p ∨ s) ∗ r
L∧

p→ q, p ∨ s ∗ r
L →

p ∨ s ∗ p, r
L∨

p ∗ p, r s ∗ p, r

p ∨ s, q ∗ r
L∨

p, q ∗ r s, q ∗ r

Hence, we have that top( ∗ ((p → q) ∧ (p ∨ s)) → r) =
{
p ∗ p, r ; s ∗

p, r ; p, q ∗ r ; s, q ∗ r
} with topc(

∗ ((p → q) ∧ (p ∨ s)) → r) =
{s ∗ p, r ; p, q ∗ r ; s, q ∗ r} and cnf(((p → q) ∧ (p ∨ s)) → r) =
(¬s ∨ p ∨ r) ∧ (¬p ∨ ¬q ∨ r) ∧ (¬s ∨ ¬q ∨ r).

2.1. Supraclassical logics
A (propositional) supraclassical logic S is the extension of (propositional)
classical logic with a finite, consistent set of extra-logical axioms – i.e., a
finite, consistent set of classically invalid formulas. If S is the conjunc-
tion of formulas in S and Θ ∗ Λ stands for any clause in top⋆

c(
∗ S),
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then theG4s calculus for S is obtained fromG4 by replacing any instance
Γ,Θ ⊣ Λ,∆ of the rule ax with an instance Γ,Θ ⊢ Λ,∆ of the rule
ax. Due to Post completeness, each atomic formula occurring in a G4s-
derivation must be interpreted as a propositional constant [19].

Let us say that a rule of the form
Γ1 ⊢ ∆1 · · · Γn ⊢ ∆n

Γ ⊢ ∆

admissible in G4s if and only if the sequent Γ ⊢ ∆ is provable whenever
the sequents {Γi ⊢ ∆i}1≤i≤n are provable.
Proposition 2.5. The rules of Left and Right Weakening

Γ ⊢ ∆
wk

A,Γ ⊢ ∆
Γ ⊢ ∆

wk
Γ ⊢ ∆, A

are height-preserving admissible in G4s.

Proof. By induction on the height of a G4s-proof π of the premiss (as
usual, the height of π is taken to be the number of nodes in a branch of
maximal length), exploiting the fact that initial sequents are closed under
Weakening.

Proposition 2.6. Logical rules of G4s are height-preserving invertible.

Proof. By induction on the height of a G4s-proof π of the premiss.

Theorem 2.7. The rule of Cut
Γ ⊢ ∆, A A,Π ⊢ Σ

cut
Π,Γ ⊢ ∆,Σ

is admissible in G4s.
Proof. We consider the topmost Cut application, and reason by primary
induction on the logical complexity of the Cut formula and secondary in-
duction on the sum of the height of the premisses to obtain that both pre-
misses are initial sequents. Notice that proof-transformations must take
care of implicit Left and Right Contraction (cf. [18]). For instance, take a
G4s-proof π of the form

...π1

Γ ⊢ ∆, A ∧B,A

...π2

Γ ⊢ ∆, A ∧B,B
R∧

Γ ⊢ ∆, A ∧B

...π3

A,B,A ∧B,Π ⊢ Σ
L∧

A ∧B,Π ⊢ Σ
cut

Π,Γ ⊢ ∆,Σ
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We can turn π into the following G4s-proof π′ of Π,Γ ⊢ ∆,Σ:

with π4 being a G4s-proof of the form

...π2

Γ ⊢ ∆, A ∧B,B

...π3

A,B,A ∧B,Π ⊢ Σ
L∧

A ∧B,Π ⊢ Σ
cut

Π,Γ ⊢ ∆,Σ, B

TheCut application in π4 is removed by secondary induction, whereas Cut
applications on A andB are removed by primary induction.

Subsequently, we prove that the set of all initial sequents is closed under
Cut (cf. [19, 26]): by Proposition 2.6, it is enough to prove that the set of
all initial atomic sequents is closed under Cut.

Themost interesting case arises when the the Cut formula is principal in
both premissesΘ ⊢ Λ, p and p,Φ ⊢ Ψ, andΦ,Θ ⊢ Λ,Ψ is not an identity
sequent. If Θ ∗ Λ, p belongs to top( ∗ S) and p,Φ ∗ Ψ does not belong
to top( ∗ S), then there exists (at least) one clause Φ′ ∗ Ψ′ in top( ∗ S)
such thatΦ′ ⊆ Φ andΨ′ ⊆ Ψ. If p ∈ Φ′, thenΦ′\{p},Θ ∗ Λ,Ψ′ belongs
to top⋆

c(
∗ S). If p ̸∈ Φ′, then Φ′,Θ ∗ Λ,Ψ′ is a weakened version of a

clause in top( ∗ S). On the other hand, if p,Φ ∗ Ψ belongs to top( ∗ S),
then Φ,Θ ∗ Λ,Ψ belongs to top⋆

c(
∗ S) – and we are done.

Proposition 2.8. G4s proves (refutes) the sequent Γ ⊢ ∆ iff the formula∧
Γ→

∨
∆ is (is not) a classical consequence of S.

3. A proof-theoretic approach to maximally consistent subsets
In this section, we undertake a syntactic approach tomaximally consistent
subsets (in short, mcs’s) of inconsistent sets of formulas. To improve in-
telligibility, we introduce ad hoc (hybrid) sequent calculi for supraclassical
logics featuring explicit structural rules.

LetS be a supraclassical logic, andΘ ∗ Λ stand for any clause in topc(
∗

S): the G4str calculus for S is obtained from G4 by adopting the Weak-
ening and Cut rules as primitive, and replacing any instance Θ

0
Λ of

the rule ax with an instance Θ ⊢ Λ of the rule ax.

Proposition 3.1. G4s proves Γ ⊢ ∆ iff G4str proves Γ ⊢ ∆.
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Proof. As for the the right-to-left direction, we reason by induction on
the height of a G4str-proof of Γ ⊢ ∆, exploiting Propositions 2.5 and
Theorem 2.7.

Proposition 3.2. Logical rules are invertible in G4str.

Proof. By Proposition 3.1 and Proposition 2.6. Notice that preservation of
height fails to hold: consider the case of a G4str-proof π of the form

...
Γ ⊢ ∆, A

...
A,B → C,Π ⊢ Σ

cut
B → C,Π,Γ ⊢ ∆,Σ

with A = C and h(π) ≤ n + 1. If we reason by routine induction, there
are G4str-proofs π1, π2 of the sequents A,Π ⊢ Σ, B and A,C,Π ⊢ Σ,
with h(π1), h(π2) ≤ n: if we apply Cut to the sequents Γ ⊢ ∆, A and
A,C,Π ⊢ Σ we get a G4str-proof π′ ofΠ,Γ ⊢ ∆,Σ with h(π′) ≤ n+ 1.
IfG4 refutesΠ,Γ ⊢ ∆,Σ, thenwe get aG4str-proofπ′′ ofC,Π,Γ ⊢ ∆,Σ
of the form

...π′

Π,Γ ⊢ ∆,Σ
wk

C,Π,Γ ⊢ ∆,Σ

with h(π′′) ≤ n+ 2.

Lemma 3.3. If there is a G4str-derivation π of Γ ⊢ ∆ from Γ1 ⊢ ∆1, . . . ,

Γn ⊢ ∆n, then G4str proves
∧
Γ1 →

∨
∆1, . . . ,

∧
Γn →

∨
∆n ⊢∧

Γ→
∨

∆.

Proof. We proceed by induction of h(π) to show that there is a G4str-
derivation of

∧
Γ1 →

∨
∆1, . . . ,

∧
Γn →

∨
∆n,Γ ⊢ ∆ from the se-

quents
∧
Γ1 →

∨
∆1, . . . ,

∧
Γn →

∨
∆n,Γ1 ⊢ ∆1, . . . ,

∧
Γ1 →

∨
∆1,

. . . ,
∧

Γn →
∨
∆n,Γn ⊢ ∆n (the details are omitted). Hence, we in-

fer that there exists a G4str-derivation of
∧
Γ1 →

∨
∆1, . . . ,

∧
Γn →∨

∆n ⊢
∧

Γ →
∨
∆ from

∧
Γ1 →

∨
∆1, . . . ,

∧
Γn →

∨
∆n,Γ1 ⊢

∆1, . . . ,
∧
Γ1 →

∨
∆1, . . . ,

∧
Γn →

∨
∆n,Γn ⊢ ∆n. We exploit

Proposition 3.2 to establish that the latter sequents are provable – and this
concludes the proof.

We state that a rule of the form

Γ1 ⊢ ∆1 · · · Γn ⊢ ∆n r
Γ ⊢ ∆
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can be eliminated from G4str if and only if r belongs to G4str and the
sequent Γ ⊢ ∆ is provable without applying r whenever the sequents
{Γi ⊢ ∆i}1≤i≤n are provable without applying r. Furthermore, we say
that a Cut application is inessential exactly when the Cut formula is not
atomic.

Proposition 3.4. The rule of inessential Cut

Γ ⊢ ∆, A A,Π ⊢ Σ
cut

Π,Γ ⊢ ∆,Σ

can be eliminated from G4str.

Proof. We consider the topmost inessential Cut application, reasoning
by induction on the logical complexity of A and exploiting Proposi-
tion 3.2.

Proposition 3.5. If a clause Θ ⊢ Λ is provable in G4str, then there is (at
least) one G4str-proof π of Θ ⊢ Λ which contains a sequent Φ ⊢ Ψ such
that

(i) every rule applied above Φ ⊢ Ψ is ax or Cut;
(ii) every rule applied below Φ ⊢ Ψ is Weakening.

Proof. Let π′ be a G4str-proof of Θ ⊢ Λ. If a non-atomic formula A
is introduced by the application of a rule in some branch of π′, then A
occurs down the same branch as an inessential Cut formula – and this
contradicts Proposition 3.4: as a result, no logical rule can be applied in π.
On the other hand, let us consider the topmost Weakening application in
π′ which is immediately followed by a Cut application. We reason by cases
over the Cut formula p to get the conclusion – e.g., as follows:

...
Θ′ ⊢ Λ′

wk
Θ′ ⊢ Λ′, p

...
p,Φ′ ⊢ Ψ′

cut
Φ′,Θ′,⊢ Λ′,Ψ′

⇝
...

Θ′ ⊢ Λ′
wk

Φ′,Θ′ ⊢ Λ′,Ψ′

...
Θ′ ⊢ Λ′, p

wk
Θ′ ⊢ Λ′, q, p

...
p,Φ′ ⊢ Ψ′

cut
Φ′,Θ′,⊢ Λ′, q,Ψ′

⇝

...
Θ′ ⊢ Λ′, p

...
p,Φ′ ⊢ Ψ′

cut
Φ′,Θ′ ⊢ Λ′,Ψ′

wk
Φ′,Θ′ ⊢ Λ′,Ψ′, q
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Lemma 3.6. Let C be a set of clauses. Then C is inconsistent iff the empty
clause belongs to C⋆.

Proof. For any set C of clauses, let us say that theG4str-calculus for C is the
G4str-calculus for the formula translations of the clauses in C. (⇒) If C is
inconsistent, Proposition 2.8 ensures that the G4str calculus for C proves
the sequents ⊢ A and ⊢ ¬A, for some formula A: by Proposition 3.2 we
get the result.

Theorem 3.7. Let C be a set of clauses. Then D ⊆ C is a mcs of C iff for
any non-empty clause p1, . . . , pm ⊢ q1, . . . , qn in C \ D the clauses {⊢
pi}1≤i≤m and {qj ⊢}1≤j≤n belong toD⋆.

Proof. (⇐) Straightforward from Lemma 3.6. (⇒) IfD is a mcs of C, then
for any non-empty clause p1, . . . , pm ⊢ q1, . . . , qn in C \ D we have that
E = D∪{p1, . . . , pm ⊢ q1, . . . , qn} is an inconsistent set of clauses. IfD is
the conjunction of the formula translations of the clauses inD, Lemma 3.3
ensures that the G4str-calculus for D proves the sequent D, (p1 ∧ · · · ∧
pm)→ (q1 ∨ · · · ∨ qn) ⊢ ⊤ → ⊥. Since the G4str-calculus forD proves
⊢ D, it proves also (p1∧· · ·∧pm)→ (q1∨· · ·∨qn) ⊢ ⊤ → ⊥: we leverage
Proposition 3.2 to infer that the G4str-calculus forD proves the sequents
{⊢ pi}1≤i≤m and {qj ⊢}1≤j≤n. Since D is consistent, Lemma 3.6 en-
sures that the G4str-calculus for D does not prove the empty clause: by
Proposition 3.5, we conclude that {⊢ pi}1≤i≤m and {qj ⊢}1≤j≤n belong
toD⋆.

Proposition 3.8. Let C be a set of clauses. If D is a mcs of C, then we have
that

(i) (C \ D) is a set of complementary clauses;
(ii) (C \ D) = (C \ D)∗;
(iii) if C is a set of non-empty clauses, then C \ D is consistent.

Proof. (i) If there is an identity clause Θ, p ⊢ p,Λ in C \ D, then The-
orem 3.7 implies that clauses ⊢ p and p ⊢ belong to D⋆: as a result, the
empty sequent belongs to D⋆ – by Lemma 3.6, a contradiction. (ii) If
clauses of the form Θ ⊢ Λ, p and p,Φ ⊢ Ψ belong to C \ D, then Theo-
rem 3.7 entails that clauses ⊢ p and p ⊢ belong to D⋆ – as before, a con-
tradiction. (iii) Suppose by contradiction that C \ D is inconsistent, and
thus that there exists (at least) one non-empty mcs E of C \ D such that
E ⊂ (C \ D). By Theorem 3.7, for any non-empty clause p1, . . . , pm ⊢
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q1, . . . , qn in (C \ D) \ E the clauses {⊢ pi}1≤i≤m and {qj ⊢}1≤j≤n be-
long to E⋆. By Lemma 3.6 and Proposition 3.5, this means that there exist
clauses {Θi ⊢ pi,Λi}1≤i≤m and {Φj , qj ⊢ Ψj}1≤j≤n in E : Theorem 3.7
entails that the clauses {pi ⊢}1≤i≤n and {⊢ qj}1≤j≤n belong to D⋆. On
the other hand, by Theorem 3.7 we have that also the clauses {⊢ pi}1≤i≤m

and {qj ⊢}1≤j≤n belong toD⋆ – a contradiction.

Proposition 3.9. Let C be a set of clauses. If C = C⋆ and D is a mcs of C,
thenD = D⋆.

Proof. Suppose by contradiction that there is (at least) onemcsD of C such
that D⋆ ̸⊆ D. This implies that there is (at least) one non-empty clause
Θ ⊢ Λ inD⋆ which belongs to C\D: byTheorem3.7, ifΘ = {p1, . . . , pm}
and Λ = {q1, . . . , qn}, then the clauses {⊢ pi}1≤i≤m and {qj ⊢}1≤j≤n

belong toD⋆ – by Lemma 3.6, a contradiction.

Proposition 3.10. Let C be a set of clauses. Then we have that:

(i) ifD is a mcs of C,D⋆ may not be a mcs of C⋆;
(ii) ifD⋆ is a mcs of C⋆,D may not be a mcs of C.

Proof. For each statement we offer an example. (i) Let C be {p, q ⊢ r, s;
r ⊢; s ⊢; ⊢ p; ⊢ q}. By Theorem 3.7, the set D = { p, q ⊢ r, s; r ⊢;
s ⊢; ⊢ p } is a mcs of C. On the other hand, D⋆ = { p, q ⊢ r, s;
r ⊢; s ⊢; ⊢ p; p, q ⊢; p, q ⊢ r; p, q ⊢ s; q ⊢ r, s; q ⊢ s; q ⊢ r; q ⊢ }. By
Theorem3.7,D⋆ isnot amcs ofC⋆, since e.g. ⊢ r belongs toC⋆\D⋆ and r ⊢
does not belong toD⋆. (ii) Let C be { p ⊢ q; q ⊢ r; ⊢ p; ⊢ q; q ⊢; r ⊢ },
and thus C⋆ = { p ⊢ q; q ⊢ r; ⊢ p; ⊢ q; q ⊢; r ⊢; p ⊢ r; ⊢ r; ⊢ p; ⊢ }.
The set E = { p ⊢ q; q ⊢ r; p ⊢; ⊢ r; q ⊢; p ⊢ r } is a mcs of C⋆: as
witnessed by Proposition 3.9, E = E⋆ – whereas E is not even a subset
of C.

Proposition 3.11. If C is a set of clauses andD1, . . . ,Dn are the mcs’s of C,
then the following conditions hold:

(i) Di ∪ Dj is inconsistent, for any 1 ≤ i ̸= j ≤ n;
(ii) if C = C⋆, then (D1∩. . .∩Di) = (D1∩. . .∩Di)

⋆, for any 1 ≤ i ≤ n.

Proof. (i) Di and Dj are distinct mcs’s of C: as a result, there exists (at
least) one non-empty clause Θ ⊢ Λ which belongs to (say) Di and not to
Dj . The clauseΘ ⊢ Λ thus belongs to C \Dj : ifΘ = p1, . . . , pm andΛ =
q1, . . . , qm′ , then Theorem 3.7 guarantees that the clauses {⊢ ph}1≤h≤m

and {qk ⊢}1≤k≤m′ belong to D⋆
j . (ii) If Θ ⊢ Λ, p and p,Φ ⊢ Ψ belong

to D1 ∩ . . . ∩ Di, then Θ ⊢ Λ, p and p,Φ ⊢ Ψ belong to Dj , for each
1 ≤ j ≤ i. By Proposition 3.9 we have that Dj = D⋆

j : this implies that
Φ,Θ ⊢ Λ,Ψ belongs to eachDj – and we are done.
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4. Base-generated belief revision
We say that B is a belief base if B is a finite, non-empty set of classically in-
valid formulae, and thatK is a belief set ifK is a set of formulae comprising
(at least) one extra-logical axiom and which is closed under classical con-
sequence. Furthermore, we state that a belief setK is generated by a (belief)
base B exactly whenK = Cn(B).
Definition 4.1. Let B be a belief base. The base expansion of B by A, in
symbols B +A, is B ∪ {A}.

For any baseBwe can axiomatically define the operation of contraction:
Definition 4.2. Let B be a belief base. The set of formulae B divA is the
base contraction of B by A iff the following postulates are satisfied:
BC1 Success: if A is not tautological, then A ̸∈ (B divA).
BC2 Inclusion: (B divA) ⊆ B.
BC3 Relevance: if B ∈ B and B ̸∈ (B divA), then there is a set B′ such

that (B divA) ⊆ B′ ⊆ B, A ̸∈ Cn(B′) and A ∈ Cn(B′ ∪ {B}).
BC4 Uniformity: if for all B′ ⊆ B we have that A ∈ Cn(B′) iff B ∈

Cn(B′), then B divA = B divB.
Axioms BC1 and BC2 ensure that (at least) A is removed from B after

contraction by A. By Axiom BC3, if a formula B is removed from B af-
ter contraction by A, then B plays some role for the fact that B logically
impliesA: in other words, the exclusion of formulas from B after contrac-
tion by A is blocked unless there is some good reason for the exclusion1.
Finally, Axiom BC4 guarantees that the result of contraction of B by A
depends only on which subsets of B logically imply A.

On the other hand, one can pursue a constructive approach to base con-
traction of B by A via the following notions.
Definition 4.3. Let B be a belief base, and A a formula.
(i) The remainder set of B with respect to A, in symbols B⊥A, contains

any B′ ⊆ B for whichA ̸∈ Cn(B′) and there is no B′′ ⊆ B such that
B′ ⊂ B′′ and A ̸∈ Cn(B′′).

(ii) A selection function for B is a function γ such that γ(B⊥A) ̸= ∅ and
γ(B⊥A) ⊆ (B⊥A), if (B⊥A) ̸= ∅ – and γ(B⊥A) = B, otherwise.

Theorem 4.4. Let B be a belief base. Then B divA =
⋂
γ(B⊥A) for some

selection function for B.
Proof. For a proof see [10, pp. 657-658].

1 In AGM contraction, the analogous of BC3 is the much-debated axiom of Recovery (cf. [9, pp. 219-
221] for a brief comparison).
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For any base B we can axiomatically define the operation of revision:
Definition 4.5. Let B be a belief base. The set of formulae B ∗ A is the
base revision of B by A2 iff the following postulates are satisfied:

BR1 Success: if A is not tautological, then A ∈ (B ∗A).
BR2 Inclusion: (B ∗A) ⊆ (B +A).
BR3 Relevance: if B ∈ B and B ̸∈ (B ∗ A), then there is a consistent set

B′ such that (B ∗A) ⊆ B′ ⊆ (B +A) and B′ +B is inconsistent.
BR4 Uniformity: if for all B′ ⊆ B we have that ¬A ∈ Cn(B′) iff ¬B ∈

Cn(B′), then B ∗A = B ∗B.

One can undertake a constructive approach to base revision by exploit-
ing the following result:

Theorem 4.6. If B is a belief base, then B ∗A = (B div¬A) +A.

Proof. For a proof see [10, pp. 661-662].

Proposition 4.7. Let B be a belief base and A a consistent formula. Then

B ∗A =
n⋂

i=1
Bi, for some mcs’s B1, . . . ,Bn of B +A containing A.

Proof. Theorem 4.6 and Theorem 4.4 ensure the existence of (at least) one
selection function γ for B such that B ∗ A =

(⋂
γ(B⊥¬A)

)
+ A. If

γ(B⊥¬A) = {B′1, . . . ,B′n}, then the following equalities hold:

B ∗A =
( n⋂

i=1

B′i
)
∪ {A} =

n⋂
i=1

(B′i ∪ {A})

Suppose by contradiction thatB contains a formulaB ̸∈ B′i such thatB′i∪
{A}∪{B} is consistent, for some i. This implies that¬A ̸∈ Cn(B′i∪{B}),
whereasDefinition 4.3 guarantees that¬A ∈ Cn(B′), for anyB′ ⊆ B such
that B′i ⊂ B′: as a result, we get that B′i ∪{A} is a mcs of B∪{A}, for any
i – as desired.

In this paper, we shall focus on belief sets generated by belief bases. Base
expansion, base contraction and base revision give rise to analogous op-
erations on the generated belief set:
Definition 4.8. Let B a belief base, andK = Cn(B). The set of formulae

(i) K+A is the base-generated expansion ofK byA iffK+A = Cn(B+
A);

2 We use ‘base revision of B byA’ to denote what in the literature is known as ‘internal (partial meet)
base revision of B by A’ (cf. [10, p. 649]).
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(ii) K divA is the base-generated contraction of K by A iff K divA =
Cn(B divA);

(iii) K∗A is the base-generated revision ofK byA iffK∗A = Cn(B∗A).

Base-generated contraction of a belief set can be axiomatically charac-
terized as follows:

Theorem 4.9. Let B a belief base, and K = Cn(B). The set K divA is the
base-generated contraction of K by A iff it satisfies the following postulates:

BGC1 Closure: K divA = Cn(K divA).
BGC2 Success: if A is not tautological, then A ̸∈ Cn(K divA).
BGC3 Inclusion: K divA ⊆ K.
BGC4 Vacuity: if A ̸∈ K, thenK ⊆ K divA.
BGC5 Extensionality: ifA andB are classically equivalent, thenK divA =

K divB.
BGC6 Finitude: there is a finite set B such that K divA = Cn(B′) for

some B′ ⊆ B.
BGC7 Symmetry: if for all A we have that B ∈ K divA exactly when

C ∈ K divA, thenK divB = K divC .
BGC8 Conservativity: if K divB is not a subset of K divA, then there is

some C such that K divA ⊆ K divC , C ̸∈ K divC and A ∈
(K divB) ∪ (K divC).

Proof. For a proof see [11, pp. 610-614].

AxiomsBGC1 –BGC2 ensure that the result of base-generated contrac-
tion of K by A is a belief set which does not contain A, unless A is tauto-
logical: Axioms BGC3 – BGC4 guarantee that such a belief set is identical
to K whenever A does not belong to K. Axiom BGC5 states that K divA
is not altered by the free substitution of A with a logically equivalent for-
mula, whereas Axiom BGC6 establishes that base-generated contraction
of K by A yields only a finite number of base-generated belief sets – even
if A varies over an infinite set of formulas. On the other hand, Axiom
BGC7 requires that if there is no contraction by which a sentenceB is re-
tracted without another sentence C being retracted, and vice versa, then
contraction by B is identical to contraction by C . Lastly, Axiom BGC8
ensures that every element of K is retained in K after contraction by A,
unless there is some good reason to exclude it3.

3 Axiom BGC8 plays for Theorem 4.9 the same role as Axiom BC3 in Definition 4.2 (cf. [11, pp.
605-606] for a detailed discussion).
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On this basis, we can give an axiomatic characterization of base-gene-
rated revision of a belief set:

Theorem 4.10. Let K be a belief set. The set K ∗ A is the base-generated
revision of K by A iff it satisfies the following postulates:

BGR1 Closure: K ∗A = Cn(K ∗A).
BGR2 Success: A ∈ K ∗A.
BGR3 Inclusion: K ∗A ⊆ K +A.
BGR4 Vacuity: if ¬A ̸∈ K thenK +A ⊆ K ∗A.
BGR5 Consistency Preservation: ifA is consistent, thenK∗A is consistent.
BGR6 Extensionality: if A and B are classically equivalent, then K ∗ A =

K ∗B.

Proof. ByTheorem 4.6,B∗A = (B div¬A)+A: this implies thatCn(B∗
A) = Cn((B div¬A) ∪ {A}). By reflexivity, monotony and idempo-
tence of classical consequence we have that Cn((B div¬A) ∪ {A}) =
Cn(Cn(B div¬A) ∪ Cn({A})) = Cn((K div¬A) ∪ Cn({A})) =
Cn((K div¬A)∪{A}). By the classical result in [1, p. 513],K∗A satisfies
Axioms BGR1 – BGR6 if and only if K div¬A satisfies Axioms BGC1 –
BGC5: Theorem 4.9 suffices to the conclusion.

We conclude this section with a classical result concerning the relation-
ship between base-generated belief revision and aweak version of the pref-
erential logic R:

Theorem 4.11. Let K be a belief set. Then K ∗A satisfies Axioms BGR1 –
BGR6 and B ∈ K ∗ A iff A B for a nonmonotonic consequence relation
satisfying the following postulates:

R1 Right Weakening: A |∼ B iff A |∼ C and B ∈ Cn({C}).
R2 Reflexivity: A |∼ A.
R3 Weak Conditionalization: If A |∼ B, then⊤ |∼ A→ B.
R4 Weak Rational Monotony: If⊤ |∼ A→ B and⊤ |̸∼ ¬A, then A B.
R5 Consistency Preservation: IfA is consistent, then there is (at least) one

formula B such that A |̸∼ B.
R6 Left Logical Equivalence: If A and B are classically equivalent, then

A |̸∼ B iff A |∼ C .

Proof. For a proof see [17].

5. Hypersequent calculi for base-generated belief revision
5.1. Hybrid hypersequents
Hypersequents are denoted by capital Latin lettersH,H1,H2, . . .. In proof-
theoretic literature, a hypersequent is a list of sequents which are separated
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by the bar symbol ‘|’: e.g., H = Γ1 ⊢ ∆1 | · · · | Γn ⊢ ∆n. Usually, hy-
persequents are taken to be multisets instead of lists: e.g., H = Γπ(1) ⊢
∆π(1) | · · · | Γπ(n) ⊢ ∆π(n) for any permutation π on 1, . . . , n. Now the
intended interpretation of a hypersequentΓ1 ⊢ ∆1 | · · · | Γn ⊢ ∆n is that
Γi ⊢ ∆i is provable, for some 1 ≤ i ≤ n. In other words, the bar symbol
‘|’ receives an interpretation in terms of disjunction: if the formula trans-
lation of a sequent Γ ⊢ ∆ is

∧
Γ→

∨
∆, then the formula translation of

the hypersequent Γ1 ⊢ ∆1 | · · · | Γn ⊢ ∆n is
n∨

i=1
(
∧
Γi →

∨
∆i).

In this paper, we employ a non-standardnotion of hypersequent, whereby
a hypersequent is a setmade up of a sequentΓ ⊢ ∆ and a (possibly, empty)
set of antisequents Γ1 ⊣ ∆1, · · · ,Γn ⊣ ∆n: e.g., H = Γ1 ⊢ ∆1 | Γ2 ⊣
∆2 | · · · | Γn ⊣ ∆n is a hypersequent, with either Γi ̸= Γj or ∆i ̸= ∆j

for any 1 ≤ j ̸= i ≤ n, and with H = Γ1 ⊢ ∆1 | Γπ(2) ⊣ ∆π(2) | · · · |
Γπ(n) ⊣ ∆π(n) for any permutation π defined on 2, . . . , n. The intended
interpretation of a hypersequent Γ1 ⊢ ∆1 | Γ2 ⊣ ∆2 | · · · | Γn ⊣ ∆n is
thatΓ ⊢ ∆ is provable andΓk ⊢ ∆k is refutable, for any 2 ≤ k ≤ n: in this
case, the bar symbol ‘|’ is metalogically interpreted as conjunction. With
both sequents and antisequents present, our hypersequents do not have
formula translations: they serve as syntactical objects expressing contrary
updating on the provability of the included sequents. For any hyperse-
quentH, we denote the sets of antisequents inH with capital Latin letters
R,R1,R2, . . .S,S1,S2. Specifically, in any hypersequentH of the form
Γ ⊢ ∆ | R, the letterR designates the refutational part ofH.

5.2. A proof-theoretic approach to base revision
Let B be a belief base, and B be the conjunction of the formulas in B.
We exploit Proposition 2.3 to define a unique, logically equivalent set B′
comprising the formula translations of the clauses in topc(

∗ B): in what
follows, we shall always consider B to be identical to such B′. This as-
sumption allows for a fine-grained control over the information stored in
agent’s beliefs, while making the notion of belief base less intensional: we
deem that the price of this move is worth paying, at least if we refrain from
adhering to a foundationalist view of the agent’s doxastic apparatus [12].

In our framework, the result of the base expansion of B by a consistent
formulaA is represented by the set of clauses top( ∗ B∧A). Theorem 3.7
allows us to pinpoint themcs’s C1, . . . , Cm of top(⊢ B∧A)which include
topc(⊢ A): for any 1 ≤ i ≤ m, Ci is a subset of top(⊢ B ∧A) including
topc(⊢ A) and such that {⊢ pi}1≤i≤m and {qj ⊢}1≤j≤n belong to C⋆i
for any clause p1, . . . , pm ⊢ q1, . . . , qn in top(⊢ B ∧ A) \ Ci. On the
other hand, given a selection function γ for B, Proposition 4.7 establishes
that the result of the base revision of B by A is C1 ∩ · · · ∩ Ci, for some
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1 ≤ i ≤ m: this yields a syntactic characterization of the result of the base
revision of B by A.
Example 5.1. Let B be the set {p, q → r,¬q,¬r} and A be p → q. By
Theorem 3.7, the mcs’s of top(⊢ B∧A)which include topc(⊢ A) are the
following:

(i) C1 = {p ⊢ q; ⊢ p; q ⊢ r};
(ii) C2 = {p ⊢ q; ⊢ p; r ⊢};
(iii) C3 = {p ⊢ q; q ⊢; r ⊢; q ⊢ r}.

If γ(B⊥A) = {C1, C2}, then the result of the base revision ofB byA based
on γ is C1 ∩ C2 = {p ⊢ q; ⊢ p}.

Now, considerK∗A = Cn(B∗A): by Propositions 2.8 and 3.1,B ∈ K∗
A exactly when theG4str calculus for C1∩· · ·∩Ci proves⊢ B. By Lemma
3.6 and Proposition 3.5, a clause Θ ⊢ Λ can be derived from C1 ∩ · · · ∩ Ci
if and only if there is a G4str-proof of Θ ⊢ Λ where a (possibly, empty)
sequence of Cut applications is followed by a (possibly, empty) sequence of
Weakening applications: as a result,Θ ⊢ Λ is a (possibly, weakened) clause
Φ ⊢ Ψ in (C1 ∩ · · · ∩ Ci)⋆. On the other hand, (C1 ∩ · · · ∩ Ci)⋆ is identical
to the set C⋆1 ∩ · · · ∩ C⋆i (cf. the proof of Proposition 3.11): this implies
that the set of clauses which are classically derivable from C1 ∩ · · · ∩ Ci
is just the closure under Weakening of the set C⋆1 ∩ · · · ∩ C⋆i . In the next
subsection we leverage this fact to obtain hypersequent calculi which are
adequate with respect to the base-generated revision ofK by A.
Example 5.2. Let B, A and γ be as in Example 5.1. We have that:

(i) C⋆1 = {p ⊢ q; ⊢ p; q ⊢ r; ⊢ q; ⊢ r; p ⊢ r};
(ii) C⋆2 = {p ⊢ q; ⊢ p; r ⊢; ⊢ q}

The closure under Cut of the result of the base revision ofB byA based on
γ is (C1 ∩ C2)⋆ = C⋆1 ∩ C⋆2 = {p ⊢ q; ⊢ p; ⊢ q}. It’s worth noting that the
mcs’s of top⋆(⊢ B ∧ A) including topc(⊢ A) are C⋆1 , C⋆2 , C⋆3 and the set
{p ⊢ q; q ⊢; ⊢ r; q ⊢ r; p ⊢ r; p ⊢}.

5.3. Hypersequent calculi for belief revision
Let B be a belief base, with B being the conjunction of its formulas, and
A be a consistent formula. Moreover, let C1, . . . , Cn be the mcs’s of top(⊢
B ∧ A) which include top(⊢ A). Given a selection function γ for B, the
hypersequent calculus HG4 for K ∗ A based on γ has the rules displayed
in Figure 2, with the proviso that each instance of ax fulfills the following
side conditions:

(i) either Θ ∩ Λ ̸= ∅ or Θ ∗ Λ is a clause in top⋆
c(

∗ B ∧A);
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(ii) the refutational part R is Θ1 ⊣ Λ1 | · · · | Θk ⊣ Λk, with {Θh
∗

Λh}1≤h≤k = top⋆
c(

∗ B∧A)\{C⋆1 ∩ · · ·∩C⋆i } for some 1 ≤ i ≤ n.

axioms

ax
Γ,Θ ⊢ Λ,∆ | R

logical rules

Γ ⊢ ∆, A | R ¬L
Γ,¬A ⊢ ∆ | R

Γ, A ⊢ ∆ | R ¬R
Γ ⊢ ∆,¬A | R

Γ, A,B ⊢ ∆ | R ∧L
Γ, A ∧B ⊢ ∆ | R

Γ ⊢ ∆, A | R1 Γ ⊢ ∆, B | R2 ∧R
Γ ⊢ ∆, A ∧B | R1 | R2

Γ, A ⊢ ∆ | R1 Γ, B ⊢ ∆ | R2 ∨L
Γ, A ∨B ⊢ ∆ | R1 | R2

Γ ⊢ ∆, A,B | R ∨R
Γ ⊢ ∆, A ∨B | R

Γ ⊢ ∆, A | R1 Γ, B ⊢ ∆ | R2 →L
Γ, A→ B ⊢ ∆ | R1 | R2

Γ, A ⊢ ∆, B | R →R
Γ ⊢ ∆, A→ B | R

Figure 2 HG4 hypersequent calculi forK ∗A.

Example 5.3. Let B, A and γ be as in Example 5.1. The HG4 calculus for
K ∗A based on γ features

Γ, p ⊢ q,∆ |p ⊣ |q ⊣ | ⊣ r |r ⊣ |q ⊣ r |p ⊣ r | ⊣ Γ, q ⊢ r,∆ |p ⊣ |q ⊣ | ⊣ r |r ⊣ |q ⊣ r |p ⊣ r |⊣

Γ, p ⊢ r,∆ |p ⊣ | q ⊣ | ⊣ r |r ⊣ | q ⊣ r | p ⊣ r |⊣ Γ ⊢ ∆ |p ⊣ | q ⊣ | ⊣ r |r ⊣ | q ⊣ r |p ⊣ r |⊣

Γ ⊢ p,∆ |p ⊣ | q ⊣ | ⊣ r |r ⊣ | q ⊣ r |p ⊣ r |⊣ Γ ⊢ q,∆ |p ⊣ | q ⊣ | ⊣ r |r ⊣ | q ⊣ r |p ⊣ r |⊣

Γ, p ⊢ ∆ |p ⊣ | q ⊣ | ⊣ r |r ⊣ | q ⊣ r |p ⊣ r |⊣ Γ, q ⊢ ∆ |p ⊣ | q ⊣ | ⊣ r |r ⊣ | q ⊣ r |p ⊣ r |⊣

Γ ⊢ r,∆ |p ⊣ | q ⊣ | ⊣ r |r ⊣ | q ⊣ r |p ⊣ r |⊣ Γ, r ⊢ ∆ |p ⊣ | q ⊣ | ⊣ r |r ⊣ | q ⊣ r |p ⊣ r |⊣

as initial hypersequents.
It is easy to find cases where there is (at least) one derivation of a hyper-
sequent Γ ⊢ ∆ | R in the HG4 calculus for K ∗ A based on a selection
function γ such that

∧
Γ→

∨
∆ does not belong toK∗A. To address this

problem, wedistinguishHG4-provability fromHG4-derivability along the
following lines:

Definition 5.4. AHG4-derivationπ is a proof ifG4 refutes
∧
Θ→

∨
Λ ⊢∧

Θi →
∨

Λi for any instance of ax in π with conclusion Γ,Θ ⊢ Λ,∆ |
Θ1 ⊣ Λ1 | · · · | Θn ⊣ Λn and each 1 ≤ i ≤ n, and a paraproof otherwise.
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Example 5.5. Let B, A and γ be as in Example 5.1. The following HG4-
derivation is a proof:

L

L

L

On the other hand, the following HG4-derivation is a paraproof:

L L

L

In the remaining part of this section we exploit the structural properties
of HG4 calculi to show that HG4-provability is sound and (weakly) com-
plete with respect to base-generated belief revision. Let us begin by stating
that a rule of the form

Γ1 ⊢ ∆1 | R1 · · · Γn ⊢ ∆n | Rn
r

Γ ⊢ ∆ | R1 | · · · | Rn

is admissible in HG4 if the hypersequent Γ ⊢ ∆ | R1 | · · · | Rn is
provable whenever the hypersequents {Γi ⊢ ∆i | Ri}1≤i≤n are provable,
and absorbed if the hypersequent Γ ⊢ ∆ | R1 | · · · | Rn is derivable
whenever the hypersequents {Γi ⊢ ∆i | Ri}1≤i≤n are derivable.

Proposition 5.6. The rules of Left and Right Weakening

Γ ⊢ ∆ | R
wk

A,Γ ⊢ ∆ | R
Γ ⊢ ∆ | R

wk
Γ ⊢ ∆, A | R

are height-preserving admissible in HG4.

Proof. We reason by routine induction on the height of a HG4-proof π of
Γ ⊢ ∆ | R: as usual, the height of π is taken to be the number of nodes in
a branch of maximal length.

Corollary 5.7. The rules of Left and Right Weakening can be absorbed in
HG4 with preservation of height.
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Theorem 5.8. The rule of Cut

Γ ⊢ ∆, A | R′ A,Π ⊢ Σ | R′′
cut

Π,Γ ⊢ ∆,Σ | R′ | R′′

is admissible in HG4.

Proof. We argue as for the proof of Theorem 2.7.

Corollary 5.9. The rule of Cut can be absorbed in HG4.

Proposition 5.10. If there exists a HG4-proof π of Γ ⊢ ∆ | R, then for
any hypersequent Γ′ ⊢ ∆′ | R′ in π the formulas in Γ′,∆′ are subformulas
of formulas in Γ,∆.

Proof. By induction on the height of π.

We say that a rule of the form

Γ1 ⊢ ∆1 | R1 · · · Γn ⊢ ∆n | Rn

Γ ⊢ ∆ | R1 | · · · | Rn

is invertible if and only if a rule of the form

Γ ⊢ ∆ | R1 | · · · | Rn

Γi ⊢ ∆i | R1 | · · · | Rn

is admissible in HG4, for any 1 ≤ i ≤ n.

Proposition 5.11. Logical rules of HG4 are height-preserving invertible.

Proof. By routine induction on the height of the HG4-proofs of hyperse-
quents B ◦ C,Γ ⊢ ∆ | R and Γ ⊢ ∆, B ◦ C | R, with ◦ ∈ {∧,∨,→}, as
well as hypersequents ¬B,Γ ⊢ ∆ | R and Γ ⊢ ∆,¬B | R.

Theorem 5.12. A hypersequent Γ ⊢ ∆ | R is provable in theHG4 calculus
for K ∗ A based on a selection function γ iff

∧
Γ→

∨
∆ belongs to K ∗ A

based on γ.

Proof. (⇒) We reason by induction on the height of a HG4-proof π of
Γ ⊢ ∆ | R. If h(π) = 1, then π is of the form

ax
Γ,Θ ⊢ Λ,∆ | Θ1 ⊣ Λ1 | · · · | Θk ⊣ Λk

Definition 5.4 ensures that G4 refutes
∧
Θ →

∨
Λ ⊢

∧
Θi →

∨
Λi, for

any 1 ≤ i ≤ n: as a result, Θ ⊢ Λ does not belong to top⋆
c(⊢ B ∧ A)\
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(C⋆1 ∩ · · · ∩ C⋆i ) – on pain of contradiction. This implies that
∧
Θ→

∨
Λ

and thus (
∧
Γ ∧

∧
Θ) → (

∨
Λ ∨

∨
∆) belong to K ∗ A. The inductive

step is obvious – and we are done.
(⇐)We reason by induction on the length of a Hilbert-style deduction

δ of
∧

Γ →
∨

∆ from a set of axioms for classical propositional logic
along with the set of extra-logical axioms in (refined) B ∗A.

[base] If lh(δ) = 1 and
∧
Θ →

∨
Λ is an extra-logical axiom, then

suppose by contradiction that G4 proves
∧
Θ →

∨
Λ ⊢

∧
Θi →

∨
Λi

for some 1 ≤ i ≤ n. By Proposition 3.5, this implies that the clause
Θi ⊢ Λi is a weakened version of Θ ⊢ Λ. On the other hand, Θ ⊢ Λ
belongs to some mcs C of top(⊢ B ∧A)which does not containΘi ⊢ Λi:
if Θi = p1, . . . , pm and Λi = q1, . . . , qn, Theorem 3.7 ensures that the
clauses {⊢ ph}1≤h≤m and {qk ⊢}1≤k≤n belong to C⋆. Since Θ ⊆ Θi

and Λ ⊆ Λi, by Lemma 3.6 we would get a contradiction: we can thus
infer that G4 refutes

∧
Θ →

∨
Λ ⊢

∧
Θi →

∨
Λi for any 1 ≤ i ≤ n,

as desired.
[step] If lh(δ) ≥ n+1, then the last rule applied is modus ponens: we

exploit Proposition 5.11 and Theorem 5.8 to reach the conclusion.

Corollary 5.13. A hypersequent Γ ⊢ ∆ | R is provable in the HG4 cal-
culus for K ∗ A based on a selection function γ iff A (

∧
Γ →

∨
∆) for a

nonmonotonic consequence relation satisfying Axioms R1 – R6.

Proof. Straightforward from Theorems 5.12 and 4.11.

Theorem 5.12 establishes that ⊢ A | R is provable in HG4 if A belongs
to the base-generated revision of K by A, for some selection function γ
for B. However, one cannot prove the stronger claim that Γ ⊢ A | R is
provable inHG4 ifA belongs to the base-generated revision ofK∪Γ byA,
for the same selection function γ. In short, HG4 calculi fail to be strongly
complete with respect to base-generated belief revision.
Example 5.14. LetB,A and γ be as in Example 5.1. As shown in Example
5.5, the hypersequent¬p∨¬q ⊢ r | p ⊣ | q ⊣ | ⊣ r | r ⊣ | q ⊣ r | p ⊣ r | ⊣
is provable: by Theorem 5.12, this means that (¬p ∨ ¬q) → r belongs to
the revision ofK byA based on γ. On the other hand, Theorem 3.7 entails
that the mcs’s of top(⊢ B ∧ (¬p∨¬q)∧A)which include topc(⊢ A) are
the following:

(i) D1 = {p ⊢ q; p, q ⊢; q ⊢ r; q ⊢; r ⊢}
(ii) D2 = {p ⊢ q; ⊢ p; q ⊢ r}
(iii) D3 = {p ⊢ q; ⊢ p; r ⊢}.
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If either γ((B ∪ {¬p ∨ ¬q})⊥A) = Di ∩ Dj for any 1 ≤ i ̸= j ≤ 3, or
γ((B ∪ {¬p∨¬q})⊥A) = Di for i = 1, 3, or γ((B ∪ {¬p∨¬q})⊥A) =
D1∩D2∩D3, then r does not belong the revision ofK∪{¬p∨¬q} byA.

6. Conclusion

In this paper, we leverage a syntactic account of maximal consistent sub-
sets of sets of clauses to define hybrid hypersequent calculi for a refined
version of AGM belief revision. Specifically, we exploit the parallel com-
position of sequents and antisequents built into hybrid hypersequents to
express contrary updating on the provability of initial sequents: this fea-
ture allows us to give an adequate formalization of base-generated revision
– equivalently, a weak version of system R.

For future work, we believe that a hypersequent-based approach to it-
erated AGM belief revision would be promising, especially in view of the
largely open problem of finding adequate operators satisfying DP postu-
lates [5]. Moreover, we deem that hypersequent calculi for AGM belief
revision can be easily adapted to multiple bases revision, with possible ap-
plications to belief merging [8].

This work represents a step forward towards the realization of a broader
goal: providing a uniform proof-theoretic platform for monotonic and
nonmonotonic extensions of classical propositional logic bymeans of com-
binations of sequents and antisequents framed in suitable Gentzen-style
calculi [19, 22, 24].

In this perspective, it would be valuable to extend the scope of appli-
cation of the hypersequent-based approach to include KLM logics [15].
If we confine ourselves to KLM logics formulated in finite propositional
languages, it appears that sound and (weakly) complete HG4 calculi can
be obtained by endowing hybrid hypersequents with a tree-like structure:
the binary relation< on states would be codified by the refutational part of
initial hypersequents, whereas formal conditions on< would be captured
by suitable structural rules.

Finally, it would be interesting to compare the expressive power ofHG4
calculi with the scope of application displayed by adaptive logics [28] and
controlled calculi [20].
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Belief Structures
within Fractional Semantics:
an overview

1. Introduction

Fractional Semantics, initially introduced in [17], serves as a powerful tool
for discerning the number of proper axioms within a proposition relative
to the total number of axioms. This method underwent refinement for
modal logic [19] and expanded into the domain of beliefs in [3] and ap-
plied to the Lottery Paradox in [2]. The study demonstrated the instru-
mental role of Fractional Semantics in resolving the Lottery Paradox.

This work has two main objectives: firstly, to present in a refined way
GS4B , firstly presented in [3]—the Fractional Semantics System that in-
corporates beliefs; secondly, to introduce a nuanced categorization of be-
liefs. In [3], all beliefs are treated as true, akin to tautologies. However,
this poses a philosophical challenge, as not every proposition we believe
aligns with the certainty of a tautology. To address this, we utilize Hyper-
real numbers, signifying that a belief holds a value not of 1, but infinitesi-
mally lower—specifically, 1− δ, where δ represents an infinitesimal value
smaller than every real number.

This approach draws inspiration fromHansson [9,10], who used hyper-
real numbers to differentiate between Full Beliefs (assigned a value of 1)
and beliefs open to revision in the presence of evidence, termed Revis-
able Beliefs. However, our aim is different: we seek a system capable of
tracking not only the count of Full Beliefs but also beliefs considered true
even if subject to revision, differenciating between them thanks to hyper-
real numbers. Fractional Semantics enables us to perform derivations and
determine the composition of the combination between tautologies, Full
Beliefs, and Revisable Beliefs.

The paper is structured as follows: in the first section, we briefly present
Fractional Semantics, referring to [2, 3, 17–19] for more examples and
proofs; in the second section, we present proofs for theorems from [3];
and in the last section, we introduce a distinction between Full Beliefs and
Revisable Beliefs within the framework of fractional semantics.
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2. Fractional Semantics
Fractional semantics is a multi-valued approach governed by pure proof-
theoretic considerations firstly introduced in [17], assigning truth values
as rational numbers in the closed interval [0,1] breaking the symmetry
between tautologies and contradictions, allowing values other than 0 for
non-logical axioms, i.e., contingent. It measures the proposition’s prox-
imity to being a tautology or a contradiction.

To enable fractional interpretation, a decidable logic L is required, dis-
played in a sequent system S meeting three conditions: bilateralism, in-
vertibility, and stability.
Bilateralism: S, as a bilateral system, generates S-derivations for any well

formed formula A of L : if A is valid, its S-derivation will be an actual
proof of A; if A is invalid, its S-derivation will provide a formal refuta-
tion of A, i.e., a proof of its unprovability.

Invertibility: each logical rule of S is invertible, meaning that the prov-
ability of its conclusion implies the provability of (each one of) its pre-
mise(s). This means that there is an algorithm to decompose uniquely
a sequent into an equivalent formula in conjunctive normal form.

Stability: two analytic S-proofs with the same end-sequent share the same
multi-set of top-sequents.

Fractional semantics is obtained by focusing on the axiomatic structure of
proofs expressed in Kleene’s one-side sequent system GS4 [13, 22]. The
system is as following:

(ax.)
⊢ Γ, p, p

⊢ Γ, p, q
(∨)

⊢ Γ, p ∨ q
⊢ Γ, p ⊢ Γ, q

(∧)
⊢ Γ, p ∧ q

GS4 is a one-sided sequent where structural properties are absorbed into
the calculus, Γ and ∆ are multisets of formulas, and p, q, . . . are atomic
formulas. As usual, ∧ indicates the conjunction and ∨ the disjunction.
There is not a rule governing negation as it is inductively defined by differ-
ent atomic formulas p and p, where p indicates the negation of p. Sequents
can be decomposed into initial sequents that are allowed to contain only
atomic formulas.

The interpretation of a formula is the result of the ratio between the
number of identity top-sequents (∆, p, p) out of the total number of top-
sequents occurring in any of its proofs. Weakening and contraction are
dropped while cut rule has the form:

⊢ Γ, p ⊢ p,∆
(cut)

⊢ Γ,∆
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In order to give a fractional interpretation a counterpart is needed, namely
GS4, that is theGS4 calculus maximally extended:

Definition 2.1 (GS4). The calculus GS4 is obtained from GS4 that is
able to prove any sequent and it satisfies cut-elimination à la Gentzen if its
axioms introduce only clauses [17], i.e., a sequent which consists solely of
atomic formulae [1].

Definition 2.2 (Top-sequents axioms).

top1(π): denotes the multiset of all and only π’s top-sequents introduced
by an identity axiom, i.e., those those sequents directly intro-
duced as instances of the axiom rules.;

top0(π): denotes the multiset of all and only π’s top-sequents introduced
by a complementary axiom, in other words, those axioms that
are not tautological.

Any formula A can be interpreted as the ratio between the number of
identity top-sequents (sequents introduced by the standard axiom) out of
the total number of top-sequents.

JAK = top1(π)

top1(π) + top0(π)

Definition2.3 (Top-sequents). Top-sequents represent the number of the
leaves of the proof as defined in Definition 2.2 and JΓK denotes the value
of the formula ∨Γ where only ∨−applications appear.

top1(π): let’s call this m;
top0(π): let’s call this n;J∨ΓK is m

n ∈ [0, 1].

From this definition it is possible to give general rules with decorated
sequents. These decorated sequents are able to keep track of the fractional
value along the proof.

(ax.)

1
1
Γ, p, p

(ax.)

1
0
∆

n
m

Γ, A,B
(∨)

n
m

Γ, A ∨B
n1

m1
Γ, A n2

m2
Γ, B

(∧)

n1+n2

m1+m2
Γ, A ∧B
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Example 2.4. Let’s consider an example with the turnstile decorated:

(ax.)

1
0
p, q

(∨)

1
0
p ∨ q

(ax.)

1
1
p, p

(∨)

1
1
p ∨ p

(∧)

2
1
(p ∨ q) ∧ (p ∨ p)

(ax.)

1
0
r

(ax.)

1
0
t

(∧)

2
0
(r ∧ t)

(∧)

4
1
(p ∨ q) ∧ (p ∨ p) ∧ (r ∧ t)

Here, it is possible to observe that for each step of the proof, we can directly
read the fractional semantics value on the turnstile.

2.1. Framing beliefs into Fractional Semantics for classical logic
From Fractional Semantics we can do a different framework where beliefs
are incorporated into fractional semantics for classical logic by introduc-
ing a set of axioms denoted as B. These axioms, representing the true
beliefs of an agent, are treated as tautologies. The underlying philosophy
is that an agent naturally considers their own beliefs to be true.

Beliefs in this context are treated as deductively closed, implying that
any deduction made using these true beliefs is also considered true. This
reflects the idea of an agent being deductively ideal. Integrating such be-
liefs into fractional semantics can lead to obtaining values greater than
those typically permitted by fractional semantics alone.

The inspiration for this expansion comes from one of Makinson’s meth-
ods, namely pivotal-assumption consequence, used to bridge the gap be-
tween classical and non-monotonic logic by adding background assump-
tions. However, the fractional semantics approach with added beliefs dif-
fers from pivotal-assumption consequence in two key aspects. Firstly, while
Makinson used a classical two-valued semantics, fractional semantics op-
erates within a multi-valued interpretation. Secondly, pivotal-assumption
consequence assigns the value 0 if any axiom is not a proper axiom or be-
lief, whereas fractional semantics can assign values greater than 0 when a
top sequent is a tautology or a belief.

To incorporate beliefs into the system, they must be atomic; otherwise,
they need to be decomposed. The definitions of GS4B and ⊢B are pro-
vided as follows:
Definition 2.5 (GS4B). Let B = b1, . . . , bn a set of non tautological,
non contradictory and of arbitrary complexity formulas; let B be the set
of sequents obtained from the decomposition of formulas in B and closed
under cut; let GS4 be as defined earlier, then GS4B is the system where
everything that is derived from B and fromGS4 is true.
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Definition 2.6 (⊢B⊢B⊢B). If ⊢ is the closure relation of classical logic, then ⊢B
is defined as the closure relation ofGS4B .

The system is not Post-complete because structurality and consistency
are mutually exclusive properties in the axiomatic extension of classical
logic: adding new axioms to the system is not possible to mantain struc-
turality, i.e., substitution is dropped. Makinson highlighted this in [15]
without explicitly citing Post, even though the underlying reason is iden-
tical.

Theorem 2.7. There is no supra-classical closure relation in the same lan-
guage as classical ⊢ that is closed under substitution, except for ⊢ itself and
the total relation i.e. the relation that relates every possible premises to every
possible conclusion.

and this applies also to this system.
Now, let’s delve deeper into formalizing the system by defining the top

sequent incorporating added beliefs.
Definition 2.8.

topb(π) : represents the multiset of all and only top sequents of π intro-
duced by a belief.

The reason for introducing this new type of top sequent stems from our
desire, particularly in this context, to treat beliefs on par with identity ax-
ioms. This is because an agent invariably regards her own beliefs as true.
The updated method for calculating the value of a sequent is:

JAKB =
topb(π) + top1(π)

topb(π) + top1(π) + top0(π)

It is also possible to see the same tree with multi valued system, adding
a new rule:

(bi)

1
1
B B

Example 2.9. For example let’s consider this example whereB = p, q

(b1)

1
1
B p, q

(∨)

1
1
B p ∨ q

(ax.)

1
1
B p, p

(∨)

1
1
B p ∨ p

(∧)

2
2
B (p ∨ q) ∧ (p ∨ p)

(ax.)

1
0
B r

(ax.)

1
0
B t

(∧)

2
0
B (r ∧ t)

(∧)

4
2
B (p ∨ q) ∧ (p ∨ p) ∧ (r ∧ t)
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It is worth noting that if this sequent was considered in classical logic,
any valuation would assign either the value 0 or 1. Something similar hap-
pens in Makinson pivotal assumption consequence, also if the belief set is
the same that we have defined earlier, because a two valued logic is there
considered.

3. Strong cut elimination
The last section pointed out that the agent is an ideal one and that they are
aware of every deduction between beliefs. This means that the belief set is
deductively closed: nothing that was not already in the set can be derived.
In order to have a deductively closed belief set it is important that every
combination of sentences, when it is possible, must be closed under cut
and the new sentences obtained in this way will be added to the belief set.

In order to eliminate cut fromGS4B themethod is taken from [18], but
it is simplified because of the nature of one-sided sequents. The method is
the following:

1. let’s consider a propositional formula bi ∈ B (B being the set of beliefs)
and decompose it using the invertible rules;

2. the procedures gives identity and non-logical sequents. Remove the
identity ones;

3. let’s contract every sequent thus obtained;
4. let’s consider two sequents Γ, p and ∆, p and add the sequent Γ,∆ to

the set of beliefs and let’s contract the set thus obtained;
5. the procedure terminates;
6. finally, take the set closed under weakening.

To emphasize the importance of accounting for the fractional value of
a formula incorporating beliefs, it is necessary to consider, as initial se-
quents, not only those obtained directly but also sequents derived via clo-
sure under cut. Let’s illustrate this with the following example:
Example 3.1. It is easy to show why the step 4. is so important. Suppose
that an agent has a newbelief: A = (p∧(t∨q))∨(t∧(t∨q)). Thefirst thing
to do in order to add that belief is to transformA in a conjunctive form: it is
easy to show that it is equivalent to ⊢ (p∨ t)∧ (t∨q)∧ (t∨ t∨q)∧ (t∨q).
Let’s decompose it in a set of clauses: ⊢ p, t, ⊢ t, q, ⊢ t, t, q, ⊢ t, q and
remove one of the copies of ⊢ t, q and the axiom ⊢ t, t, q. By the method
presented earlier the agent has to add (p ∨ t) and (t ∨ q) to the system,
but these beliefs are not cut free. To let them be cut free, it is necessary to
close them under the cut.

⊢ p, t ⊢ t, q
(cut)

⊢ p, q
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From the last point of the method presented earlier, it is needed to add not
only ⊢ p, t and ⊢ t, q, but also ⊢ p, q. Let’s see why: J(p∨ t)∧ (t∨ q)K has
value 1 if B = {(p, t); (t, q)}

1
1
B p, t

(∨)

1
1
B p ∨ t

1
1
B t, q

(∨)

1
1
B t ∨ q

(∧)

2
2
B (p ∨ t) ∧ (t ∨ q)

As it was showed, the cut is really important for a complete set of be-
liefs, but it is also necessary to see how the cut can be eliminated from the
calculus.

3.1. Elimination of cut
The elimination of cut in presence of proper axioms was firstly proposed
by Girard [6], as noted by Avron [1], upgrading the Gentzen’s standard cut
elimination algorithm. The procedure here proposed, i.e., the decompo-
sition of the formula, the add to the system and the cut of the formula to
obtain all the derivations, owes a lot to the one presented in [18].

In the article, in fact, is proved that, for any cluster of extra-logical as-
sumptions, there exists exactly one axiomatic extension of classical propo-
sitional logic that admits cut elimination. We can prove that Fractional
value does not decrease in GS4B with relation to the addition of formu-
las:

Theorem3.2. For anymultiset of atomic formulas⊢B Γ and⊢B ∆, J∨Γ∨∨
∆KB ≥ J∨ΓKB .

Proof. Toprove this is sufficient to consider a transformation of⊢B . In fact
if B = b1, . . . bn, then ⊢B Γ is equal to ⊢ Γ, b1, . . . bn, changing the kind
of turnstile from the one introduced here to the classical one, as pointed
out in [15]1. Intuitively this is due to the fact that the sequent is true iff
there is a disjunction between a letter and its negation (for example bi and
bi). From this fact it is possible to consider four cases:

• if JΓKB = J∆KB = 1, than obviously JΓ ∨∆KB = 1 as well;
• if JΓKB = JΓ, b1, . . . , bnK = 1 and J∆KB = 0, then JΓ ∨∆KB = 1 as

well;

1 In the text the two sided version of this transformationwas used, so⊢B Γ becomes b1, . . . , bn ⊢ Γ,
but here because of the choice to useGS4 asmain system, it is used the one-sided classically equivalent
version ⊢ Γ, b1, . . . , bn.
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• if J∆KB = J∆, b1, . . . , bnK = 1 and JΓKB = 0, then JΓ∨∆KB ≥ JΓKB ,
whatever value assumes JΓKB ;

• if JΓKB = J∆KB = 0, then JΓ ∨∆KB ≥ JΓKB .

It is possible to generalize this result for any context:

Theorem 3.3. For any context Γ and a formula A, such that A is not con-
tradictory with the set B, J∨Γ ∨AKB ≥ JΓKB .

Proof. Let’s prove it by induction on the complexity of the formula A.
Base case: Let’s consider A atomic, then we have two cases:

A ∈ B: if A ∈ B, then J∨Γ, AKB = 1 and JΓ, AKB ≥ JΓKB ;
A ̸∈ B: if A ̸∈ B, then if J∨ΓKB = 1, there is an atomic formula in Γ

that is in the belief set, so also J∨Γ, AKB = 1. If J∨ΓKB = 0,
b1, . . . , bn ̸∈ Γ and then J∨Γ ∨AKB = 0

Inductive step: Let’s consider two cases:

A ≡ p ∧ q: by inductive hypothesis J∨Γ∨pKB ≥ JΓKB and J∨Γ∨qKB ≥JΓKB . If at least one between J∨Γ ∨ pKB and J∨Γ ∨ qKB is
equal to 0, then J∨ΓKB = 0 for inductive hypothesis and
then J∨Γ ∨ (p ∧ q)KB ≥ JΓKB . The only remaining case is
when J∨Γ ∨ pKB = 1 and J∨Γ ∨ qKB = 1:

1
1
B Γ, p

(∨)

1
1
B

∨
Γ ∨ p

1
1
B Γ, q

(∨)

1
1
B

∨
Γ ∨ q

(∧)

2
2
B

∨
Γ ∨ (p ∧ q)

Thus J∨Γ ∨ (p ∧ q)KB ≥ JΓKB .
A ≡ p ∨ q: by Theorem 3.2.

Theorem 3.4 (Strong cut elimination ofGS4B). The cut rule is redun-
dant when added toGS4B .

Proof. Girard was the first to notice that a different procedure could pre-
serve cut elimination even in the presence of axioms [6,16]. The proof is as
usual with double induction, the alorithm is similar to the one presented
in [20].

The set of beliefs can be “completed” through cut or without that. This
means thatGS4B is a cut-free system, because it is an axiomatic extension
of classical logic. By the way, the use of cut can alter the fractional seman-
tics value as shown in [17]. Thanks to theorem 3.4 the algorithm presented
in section 3 can be transformed in an algorithm without the presence of
cut. As a corollary of the strong cut elimination it can be obtained:
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Theorem 3.5 (Uniqueness of axiomatization inGS4B). For any cluster
of axioms in the set of beliefs B the axiomatization is unique.

Proof. See [18].

4. Full Beliefs and Revisable Beliefs
The formal model of beliefs introduced since here is a dichotomous sys-
tem, an all-or-nothing structure, where a belief is either fully accepted or
not at all. We have previously asserted that beliefs, within this framework,
are deemed true as well as tautologies. However, we can refine this catego-
rization further. In this section, we employ hyperreal numbers, as Hans-
son did [10], to distinguish between tautologies and beliefs, or more pre-
cisely, between Full Beliefs and Revisable Beliefs. These designations are
arbitrary and simply signify that a Full Belief is one whose value is im-
mutable, while a Revisable Belief is one that, though currently held as true,
remains subject to revision in light of new evidence.

The reason why hyperreal numbers are interesting in this kind of settle-
ment is twofold: on one hand, it is easy to distinguish between Revisable
and Full Beliefs; on the other hand, hyperreal numbers do not alter the
fractional final value, thereby validating all the proofs that we have made
forGS4B also for this settlement. In fact, 1− δ inQ is equal to 1, creating
a bridge betweenGS4B and hyperreal numbers.

A Full Belief is characterized as a belief that remains impervious to revi-
sion under any circumstances; it is an assertion that an agent is unwilling
to discard in any situation. Conversely, an agent may hold beliefs that are
fully accepted, yet subject to revision in light of new evidence; these are
termed Revisable Beliefs, in the sense that they are beliefs that, in pres-
ence of new evidences, can be revised, while a tautology can be regarded
as a Full Belief, because it can’t be revised also in presence of new evi-
dences. For the sake of enhancing the generality of the system, we extend
this classification beyond tautologies alone. To accomplish this, we adorn
the turnstile with the expression 1− δ, where δ represents an infinitesimal
quantity:

(bj)

1
1−δ

B bj

This notation implies that the belief bj is one of the agent’s beliefs, subject
to possible revision in a subsequent moment. The symbol δ functions as
a label derived during the proof, serving to keep track of the use of one or
more propositions that may be revised in the presence of new evidences.
This new notation doesn’t change the proves of Cut and Weakening Ad-
missibility in function [10]: st(1− δ) = 1, because of the fact that for the
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proofs we can use only the standard part of the hyperreal number. This
means that from the point of view of proof theory nothing changed, but
something changed in the expressivness of Fractional Semantics. The rule
of conjunction still decorate the sequents in the same way:

n1

m1
Γ, A n2

m2
Γ, B

(∧)

n1+n2

m1+m2
Γ, A ∧B

the only difference is that sometimes we will have to add also infinitesimal
numbers, for example:

1
1−δ

B p 1
1−γ

B q
(∧)

2
2−(δ+γ)

B p ∧ q

Also, if the final value seems strange, it indicates that, according to Frac-
tional Semantics, the value remains 1. This implies that the derivation is
solely based on true assumptions at the moment of the derivation. On the
other hand, we have two infinitesimals, suggesting that two of the assump-
tions are beliefs that can be discarded in the presence of new evidence.
None of the beliefs used are Full Beliefs, so p ∧ q is a proposition with a
value of 1, thanks to the set B. The meaning of the value 2 − (δ + γ) is
that two of the leaves of the tree are beliefs that are possible to revise in
the presence of new information. This means that, after revision, the frac-
tional value could also assume a value of 0.5 or maybe also 0 if both of the
beliefs once revised result as false. Our idea is that this value is a way to
keep track of how many beliefs are not Full beliefs or tautologies into the
derivation.

4.1. Decomposition of a Revisable Belief
To decompose a belief, the rules remain the same as before; we must de-
compose it and close under cut. Suppose we aim to incorporate the belief
⊢ q ∧ (r ∨ s) into the system, but it is not a full belief. To achieve this, we
need to decompose it:

⊢ q
⊢ r, s

(∨)
⊢ r ∨ s

(∧)
⊢ q ∧ (r ∨ s)

Now, to indicate that the original belief ⊢ q ∧ (r ∨ s) was neither a Full
Belief nor a Tautology, we adjust its value by adding the number 1 − δ
instead of 1. This adjustment accounts for the infinitesimal nature of δ,
and its division by 2 ensures the preservation of infinitesimal characteris-
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tics.

1
1−δ

B q

1
1−γ

B r, s
(∨)

1
1−γ

B r ∨ s
(∧)

2
1−(δ+γ)

B q ∧ (r ∨ s)
In the event that either ⊢ q or ⊢ r, s is employed in a derivation, we ex-
plicitly denote this value in the sequent derivation. For instance:

1
1
B p, p

(∨)

1
1
B p ∨ p 1

1−δ

B q
(∧)

2
2−δ

B (p ∨ p) ∧ q
1
0
B p, q

(∨)

1
0
B p ∨ q

(∧)

3
2−δ

B
(p ∨ p) ∧ q ∧ (p ∨ q)

This implies that, even without knowing the initial values of the leaves, we
can stillmake observations about the value 2−δ/3: the standard part of the
derivation is the Fractional Semantics value in GS4B is 2/3 and we can
observe that there is only one infinitesimal number, indicating that only
one of the initial beliefs is a Revisable Belief. The portion that is neither
a Full Belief nor a Revisable Belief is then 1/3, representing what remains
between 2/3 and 1.

5. Conclusions
The current endeavor to unite Full Beliefs, Revisable Beliefs, and tautolo-
gies represents an initial stride towards establishing a connection between
Fractional Semantics and Probability. Fractional Semantics emerges as a
powerful instrument for delineating the intricacies of a derivation, offer-
ing valuable insights into the dynamic evolution of belief values and the
interplay between Revisable Beliefs and Full Beliefs throughout the proof.
This amalgamation serves as a foundational framework, setting the stage
for a more comprehensive exploration of the relationship between Frac-
tional Semantics and Probability.

The forthcoming phase of our researchwill delve into elucidating the in-
tricate links between Fractional Semantics and Belief Revision. This con-
stitutes another pivotal facet that underscores the significance of the intro-
duced system. The versatility of our system, embracing both the stability
of Full Beliefs and the adaptability of Revisable Beliefs, positions it as an
invaluable tool for delving into the nuances of belief dynamics and their
evolution over the course of iterative revisions. By bridging the gap be-
tween Fractional Semantics and Belief Revision, we aim to provide a more
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holistic understanding of the nuanced interplay between formal semantics
and the adaptive nature of belief systems.
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From expert testimony to lay belief:
a Bayesian view

1. Introduction

Modern societies are crucially dependent on the opinion of experts. The
asymmetric relationship between experts and non-experts posesmany so-
cially impactful problems that have been subjected to the lens of differ-
ent disciplines, including philosophy of science, social epistemology, ar-
gumentation theory, cognitive science, and psychology. In this paper, we
focus on one fundamental problem that lies at the intersection of these ap-
proaches: how lay reasoners should update their beliefs in somehypothesis
or claim H given that some expert asserts that H . We will approach this
question from the perspective of Bayesian epistemology, following a recent
trend that applies Bayesian models to represent, clarify, and manipulate
traditional concepts in all of the above-mentioned areas [3,9,21,29,33,37].
More precisely, we shall treat the assertion ofH by the expert as a case of
testimony, and study how a Bayesian layman should update his probabilis-
tic beliefs in H given this evidence. Bayesian confirmation theory [8, 13]
will be helpful in modeling the notion of expert reliability and how it af-
fects laymen’s reasoning.

We proceed as follows. In section 2 we introduce the elements of the
Bayesian approach to uncertain reasoning and confirmation of hypothe-
ses. In section 3, we model expert opinion as evidence from testimony,
developing a Bayesian model of both the experts’ reliability and the evi-
dentiary impact of their testimony in terms of Bayesian confirmationmea-
sures. In section 4, we show how our model impacts the discussion con-
cerning expert opinion both in social epistemology and argumentation
theory. As for the former, we show how the idea of “epistemic deference”
amounts to ignoring the fallibility of real experts and fails as a general strat-
egy of belief updating in the face of expert opinion. As for the latter, we
elaborate on the recent discussion of ab auctoritate reasoning to clarify and
evaluate this much-disputed argumentative strategy. By adopting a model
of expert reliability based on Jeffrey conditionalization, we argue for a new
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characterization of ab auctoritate, more faithful to the complex epistemic
interplay between laymen and experts. A short conclusion and some ideas
for future research are offered in section 5.

2. Bayesian reasoning, confirmation, and evidence
In the following, we will treat both laymen and experts as ideal epistemic
agents in the Bayesian sense. In this section, we offer a quick overview of
the Bayesian framework, which will be applied in the next sections to the
problem of expertise and testimony.

Updating beliefs on evidence. If Ann is a Bayesian agent, her beliefs about
a given hypothesisH (such as “It will rain tomorrow”) are represented by
the (subjective) probability p(H) she assigns to H . When Ann receives
some piece of evidenceE relevant toH (like “Tonight the sky is cloudy”),
Ann will change her belief inH by moving from p(H) to the conditional
probability p(H|E) of H given E. The updating rule is governed by the
Bayes theorem:

p(H|E) =
p(E|H)p(H)

p(E)
(2.1)

where p(H) is often called the “prior” probability of H and p(H|E) its
“posterior” probability (viz. before and after receiving evidenceE). Bayes
rule makes clear that the strength of Ann’s posterior belief inH should be
proportional both to that of her prior belief inH and to the so-called like-
lihood ofH , i.e., the probability p(E|H) expressing howwellH “explains”
E or, better, how much E is expected in the light ofH .1

Formost applications, it is convenient to express the denominator of the
Bayes formula, i.e., the probability of the evidence, in its “unpacked” form
using the rule of total probability. The resulting updating rule, which is
equivalent to eq. (2.1) above, will look like this:

p(H|E) =
p(E|H)p(H)

p(E|H)p(H) + p(E|¬H)p(¬H)
(2.2)

This new formulation of Bayes theoremmakes clear that p(H|E)must be a
function of three different probabilities: the prior p(H) of the hypothesis,
its likelihood p(E|H), and the likelihood of its negation, i.e., p(E|¬H).
Intuitively,H is the more probable in the light ofE the moreH was prob-
able before observingE and the moreE was expected givenH instead of
¬H .

1 For an introduction to Bayesian reasoning see [20]; see also [23] and [33] for more advanced dis-
cussions.
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To make things more concrete, suppose that Ann is going to take a
COVID-19 test in order to see whether she is ill (H) or not (¬H). Be-
fore taking the test, she may believe she has a 5% probability of being ill,
perhaps on the basis of her knowledge about the prevalence of the disease
in her area. This fixes her prior probability p(H) to 0.05 (and her prior
probability of not being ill to p(¬H) = 1−p(H) = 0.95). Consulting the
test’s leaflet, Ann can also find the two likelihoods required by Bayes theo-
rem. The “sensitivity” of the test, or, in other words, its true positive rate,
expresses the probability p(E|H) that the test will turn out positive (E) if
Ann were actually ill; let’s assume that p(E|H) = 0.7. The “specificity”
1−p(E|¬H) of the test is instead related to its false positive rate, express-
ing the probability that Ann gets a positive result even if she is actually
not ill; let’s assume that the specificity is 90%, and hence p(E|¬H) = 0.1.
Putting these numbers into eq. (2.2) gives us:

p(H|E) =
p(E|H)p(H)

p(E|H)p(H) + p(E|¬H)p(¬H)

=
0.7× 0.05

(0.7× 0.05) + (0.1× 0.95)
≃ 0.27

Thus, Ann has a 27% probability of having COVID-19 given that the test
result was positive. Note that this figure is significantly lower than 50%,
meaning that it is still more probable that Ann is fine than she is ill. The
reason is that we assumed that being ill was quite improbable (5%) in the
first place; still, such probability hasmuch increased (more than five times)
after observing the test result. This increase in probability signifies how
much the evidence given by the positive result “supports” or “confirms”
the hypothesis of illness. Bayesian confirmation theory aims at making
this intuition precise.

Confirmation as evidential support. Another interesting formulation of
Bayes theorem is obtained expressing the relevant probabilities, following
the gambling use, in terms of “odds”. In statistical jargon, the odds of a
hypothesis H refers to the ratio o(H) = p(H)

p(¬H) of the probability of H
to that of its negation. Re-writing Bayes theorem in terms of these ratios
leads to its “odds” form:

p(H|E)

p(¬H|E)
=

p(E|H)

p(E|¬H)
× p(H)

p(¬H)
(2.3)

In this new form, the theorem tells us that the ratio of the posterior proba-
bilities ofH and its negation is given by the ratio of the prior probabilities
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multiplied by the so-called “likelihood ratio”, i.e., the ratio of the likeli-
hoods of H and of its negation. Adopting the odds notation and writing
“LR(H,E)” for the likelihood ratio, we can re-write eq. (2.3) as follows:

o(H|E) = LR(H,E)× o(H) (2.4)

That is to say, the posterior odds ofH givenE are just its prior odds mul-
tiplied by the likelihood ratio.2

The advantage of this odds formulation is that it makes very clear the
role of the evidence E in changing Ann’s belief inH . Let’s consider again
our previous example relative to Ann taking a COVID-19 test. Initially,
the odds of Ann in favor of H (the hypothesis of being ill) are very low:
o(H) = 0.05

0.95 ≃ 0.053. However, when Ann takes into account the
positive test result, she can calculate a likelihood ratio of LR(H,E) =
p(E|H)
p(E|¬H) = 0.7

0.1 = 7. This number tells Ann how much the evidence re-
ceived by the test speaks in favor of H rather than of its negation: multi-
plying her prior odds o(H) by this factor gives her posterior odds in favor
ofH :

o(H|E) = LR(H,E)× o(H) = 7× 0.053 ≃ 0.37

Thus,H is now much more likely than before, indeed seven times more.3
More generally, the likelihood ratio LR is a possible measure of how

strongly a piece of evidenceE supports or undermines a given hypothesis
H , i.e., of how much H is confirmed or disconfirmed by the evidence.4
In Bayesian confirmation theory, we say that H is confirmed by E iff the
probability ofH is increased in the light of E: i.e., p(H|E) > p(H); that
H is disconfirmed byE iff the probability ofH is decreased in the light of
E: i.e., p(H|E) < p(H); and thatE is neutral forH iff the probability of
H is left untouched by learningE: i.e., p(H|E) = p(H). It is now not dif-
ficult to prove that LR(H|E) > 1 iff E confirmsH ; that LR(H|E) < 1
iffE disconfirmsH ; and that LR(H|E) = 1 iffE is neutral forH . In the
practice of many scientific disciplines, for instance medicine, the likeli-
hood ratio is routinely employed (often under the name of “Bayes factor”)
as a measure of how well some evidence (e.g., the result of a medical test)

2 Note that some authors – like [23, 21] and [3, 17] – call “likelihood ratio” the reciprocal of
LR(H,E), i.e., p(E|¬H)

p(E|H)
. We follow here the standard terminology in contemporary Bayesian con-

firmation theory [8, 33].
3 If one has the odds o in favor of H , one can calculate its probability p as follows: p = o

o+1
. As one

can check, with this formula the just calculated odds of 0.37 gives us the 27% probability of section 2.
4 Note that there are many, non-equivalent, confirmation measures, and many arguments in favor or
against each of them [8, 14, 15, 33].
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supports or undermines a given hypothesis (e.g., a diagnosis). In Section 3
we shall return to the role played by likelihood ratios or Bayes factors in
the confirmation of hypotheses.

Updating beliefs on uncertain evidence. Above, we employed Bayes theo-
rem to say howAnnhas to rationally update her belief in the face of incom-
ing evidence. In other words, we assumed that Ann had a certain degree of
belief p(H) in the truth ofH at some moment t0, after which she receives
some evidence E. At the new time t1, Bayesian conditioning prescribes
that Ann’s degree of belief in the truth of H changes from her old cre-
dence p(H) to her new credence p′(H), which must be equal to p(H|E)
as given by eq. (2.1). Crucially, we assumed here that E is veridical and
certain, so that, after receiving E, p′(E) = 1. This means, for instance,
that there are no doubts in the reading of the COVID-19 test result, which
is certainly positive in our example above.

Now suppose that just before the result is displayed on the test, a power
failure occurs in Ann’s room. In the dark, Ann cannot be completely con-
fident about the outcome appearing on the test. Compared with the pre-
vious case, where Ann knew with certainty whether the test was positive
or not, there is now an added dimension of uncertainty concerning the in-
terpretation of evidence. This kind of uncertainty cannot be addressed by
standard Bayesian conditioning. Instead, Ann’s belief updating will have
to follow “Jeffrey Conditioning” [24, 25]:

p′(H) = p(H|E)p′(E) + p(H|¬E)p′(¬E) (2.5)

In words, the new probability Ann assigns toH is the sum of her old prob-
abilities in H given E and in H given ¬E, respectively weighted by the
(new) probability that E is actually true.5

For example, suppose Ann is fairly confident that she sees a double line
(i.e., a positive result). Let us set her subjective probability to p′(E) = 0.8.
Her belief updating on this uncertain evidence will then be as follows:

p′(H) = p(H|E)p′(E) + p(H|¬E)p′(¬E)
= 0.27× 0.8 + 0.017× 0.2 = 0.22

Not surprisingly, Ann’s degree of belief inH is now lower than in the pre-
vious case (22% as opposed to 27%), due to the uncertainty of the evidence.

5 Note that if Ann is certain of her evidence, i.e., p′(E) = 1 and hence p′(¬E) = 0, then Jeffrey
conditionalization given by eq. (2.5) immediately reduces to standard Bayesian conditionalization as
in eq. (2.1).
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This concludes our survey of the Bayesian framework employed in this
paper, which is applied to the problem of expert testimony in the next sec-
tion.

3. A Bayesian model of expert testimony and reliability
When Bob, a layman, listens to the opinion of some recognized expert,
Bob’s beliefs will typically change in one way or another. Such change
is the result of a complex interaction between the two, which usually in-
volves both epistemic and non-epistemic aspects (e.g., trust), that are be-
ing studied across different disciplines (including social epistemology and
philosophy of science, social and cognitive psychology, political science,
and so on). Here, we shall focus on the purely epistemic dimension of the
layman-expert relationship.

More precisely, we shall assume that Bob is a Bayesian agent and study
how his (probabilistic) beliefs in some hypothesisH should change when
some recognized expert testifies that H is true. In general, we can think
of a (scientific) expert as a particular kind of witness, who has privileged
epistemic access to a particular state of the world that falls within her do-
main of expertise. Intuitively, Bob’s credences will depend, at least in part,
on the reliability of the expert. The more the expert is reliable, the more
the expert testimony should impact on Bob’s belief in H . In this section,
we apply the framework introduced in Section 2 to analyze these issues.6

Expert testimony as evidence. Suppose that Bob, who has some prior be-
liefs concerning H , learns that an expert has testified that H is true. The
expert’s opinion is the evidence on which Bob updates his beliefs. To re-
flect this in the notation, we shall write “EH” for “expert E testifies that
H is true”. For the sake of simplicity, we shall assume that the expert’s
testimony is “categorical”: i.e., it corresponds to a clear-cut affirmation or
negation of the hypothesis under evaluation, without considering degrees
of certainty. In other words, we only consider cases where the expert says,
for instance, that it will rain (for sure) tomorrow (EH), but not cases where
the expert says that it is likely that it will rain tomorrow, or that it will rain
with, say, 80% probability. Thus, we shall focus on Bob’s posterior assess-
ment p(H|EH) of the probability ofH given the expert testimony in favor
ofH .

6 A problem we are not going to discuss here, and that has attracted much attention in the recent
philosophy of science literature, starting at least from [3], is whether multiple pieces of evidence com-
ing from independent sources of information confirm a hypothesis more than a less “varied” corpus
of evidence (the so-called Variety of Evidence Thesis). For Bayesian analyses of this problem see,
e.g., [5, 6, 22], and references provided there.
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From eq. (2.1) and eq. (2.2), we know howBob should update his beliefs
inH :

p(H|EH) =
p(EH |H)p(H)

p(EH)

=
p(EH |H)p(H)

p(EH |H)p(H) + p(EH |¬H)p(¬H)

(3.1)

In words, Bob’s posterior belief inH , given the expert’s testimony thatH ,
is a function of his previous belief in H , represented by the prior p(H),
and of the two likelihoods associated to the testimony: the probability
p(EH |H) that the expert (correctly) reports H when H is true, and the
probability p(EH |¬H) that the expert (mistakenly) reportsH whenH is
false.

Interestingly, this way of construing the testimony of a well-informed
witness as a piece of evidence in hypotheses evaluation is common in the
legal domain [1, 16]. For example, in a murder trial, a judge might be
unsure whether the suspect was at the crime scene when the murder hap-
pened (H). By asking a witness, the judge might gain useful insights and
update his confidence in H accordingly. A positive report by the witness
will likely increase the judge’s subjective probability of the suspect being at
the crime scene, given that the witness is reliable (e.g., he was a bystander
and does not have any interest in reporting the false). Conversely, a neg-
ative report by a reliable witness will decrease the judge’s confidence in
H . The more reliable the witness, the stronger the evidential support of
his testimonial report. As we shall see, this way of modeling testimony is
useful also in studying the layman-expert relation.

Expert reliability as confirmation. As we have noted, the strength of ex-
pert testimony will depend on the expert’s reliability. But what does it
mean for an expert witness to be reliable from a Bayesian perspective? To
express expert reliability in our framework, we shall assume what we may
call the “diagnostic-test model” of expert witnesses cf. [3, Chapter 3]. In
other words, we shall assume that an expert, like the COVID-19 test con-
sidered in Section 2, also has rates of true and false positives, expressed,
respectively, by the likelihoods p(EH |H) and p(EH |¬H). In the case of
medical tests, such probabilities are readily available in the test leaflet; in
the case of experts, it is instead difficult to quantify precisely their “sen-
sitivity” and “specificity”. Still, it is a useful idealization to construe the
reliability of an expert as a function of those likelihoods.7

7 Moreover, one can argue that there are (fallible) indicators, discussed at length in the expertise
literature [7, 18, 30], that may help in evaluating at least approximately the reliability of experts.
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Accordingly, we shall define the reliabilityRelE(H) of expertE relative
to hypothesisH as the relevant likelihood ratio LR(H,EH):8

RelE(H) = LR(H,EH) =
p(EH |H)

p(EH |¬H)
(3.2)

This is to say that the expert testimony is more reliable the more likely it is
that the expert testifies thatH is true whenH is in fact true, and the less
likely it is that the expert testifies that H is true when H is instead false.
Note that this amounts to expressing the expert’s reliability in terms of the
confirmation that the expert report EH confers onH [13]. This becomes
clear if one applies Bayes theorem in its odds form to the case at hand,
i.e., eq. (2.4):

o(H|EH) = RelE(H)× o(H) (3.3)

This is to say that, after receiving the expert reportEH , Bob will revise his
prior odds by multiplying them by the reliability of the expert. This means
that the more reliable the expert is, the more his report will confirm H .
In general, we may say that the expert is “reliable” (relative to H) when
RelE(H) is greater than 1; and “unreliable” ifRelE(H) is smaller than or
equal to 1, since in this latter case his report will not increase, but possibly
decrease, the probability thatH is true.9

Again, the legal domain provides a useful illustration of this idea. Con-
sider, as a toy example, a murder case: during a crowded football match,
a supporter gets shot and dies. The murder weapon is readily found, but
nobody has seen the shooter. A man, Mr. Guy Hapless, is seen walking
briskly towards the exit. The authorities stop him and get his fingerprints.
The judge assigned to the case then asks a forensic dactyloscopy expert
to compare them with those found on the gun. The expert reports that
the two fingerprints match. How should a Bayesian judge evaluate such
evidence?

8 See also [3, 9, 13]. Note that RelE(H) “measures the reliability of the witness with respect to the
report in question [here, H] and not the reliability of the witness tout court”, as [3, 17] put it. The
latter reliability will depend on the expert’s (average) performance on several different hypotheses in
some field; reliability RelE(H) as defined here only measures the expert’s performance on a single
hypothesis H . Note that much recent literature follows [3] in modeling reliability in a different way,
using Bayesian networks; a minimal network will comprise three nodes, one for the hypothesis, one
for the witness report (our EH ), and one for the reliability of the witness, which can be inferred a
posteriori by manipulating the other nodes cf. [29, Chapter 10].
9 Bovens and Hartmann [3], who define expert reliability as 1 − 1

LR(H,EH )
, consider as “fully un-

reliable” an expert (or, more generally, a witness) for whom RelE(H) = 1; here, we also consider
the case of “misleading” witnesses, for which RelE(H) < 1, whose testimony actually disconfirms
the hypothesis under consideration.
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Suppose that, initially, the judge has no specific reason to suspect that
“Mr. Hapless is guilty” (H), besides the fact that he was attending the
match. Moreover, let’s suppose that the judge is (rightly or wrongly) sure
that the fingerprints found on the gun will certainly be the murderer’s.
This means that the prior probability of H is p(H) = 1

10000 and its prior
odds 1

9999 , both very low. The expert’s report thatMr. Hapless’ fingerprints
match those found on the gun will of course confirm H . How much will
depend on the expert’s reliability: let’s assume that our expert is highly re-
liable, detecting true positives in 92.5% of the cases, and reporting a false
positive only 0.1% of the times.10 Then, our expert’s reliability RelE(H)
will be equal to 925 and, applying eq. (3.3), we obtain:

o(H|EH) = RelE(H)× o(H) = 925× 1

9999
≃ 0.092

which corresponds to a posterior probability of H approximately equal
to 8%. Not surprisingly, the new probability p(H|EH) is significantly
higher than the prior (roughly 800 times so), since the expert testimony
has strongly confirmed the hypothesis of guilt. Given the low initial prob-
ability, however, such strong confirmation is not enough to think that
Mr. Hapless, on this only evidence, is more likely guilty than not.

In this connection, let us note that some conventions have been estab-
lished in the literature on Bayes factors (following seminal work by Tur-
ing and Good) to qualitatively assess the “weight of evidence” in favor
of H provided by different likelihood ratios. For instance, in our exam-
ple above the weight of evidence provided by the expert is well above the
highest threshold of “decisive” evidence according to table 1. Interestingly,
such literaturemay provide guidance in developing conventional expertise
thresholds for any given scientific domain in light of its epistemic status.

Table 1 Interpreation of likelihood ratios LR as a measure of the weight of
evidence according to [26] and [27].

LR Weight of evidence
[26] [27]

1− 3.2 Barely worth mentioning Barely worth mentioning
3.2− 10 Substantial Substantial
10− 32 Strong Strong
32− 100 Very strong Strong
> 100 Decisive Decisive

10 Expert performance in recognizing matching fingerprints has been the object of several studies
[28,34,35]. For the sake of our example, we have selected the results that showhigher expert reliability,
as reported in [35].
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4. Bayesian rationality, epistemic deference,
and arguments from authority

In this section, we show how the tools fromBayesian epistemology that we
have presented so far allow us to shed light on twomuch-debated topics in
social epistemology and argumentation theory: epistemic deference and
ab auctoritate arguments.

Epistemic deference vs. Bayesian rationality. Social epistemology studies
the social aspects of knowledge production and dissemination, including
the role of testimony, trust, and communication in the pursuit of knowl-
edge by individuals and groups [19]. A fundamental question in this area
is how one should be guided by other people’s beliefs. One strategy dis-
cussed in the literature is complete epistemic deference, which is applied to
interactions with experts, e.g., [12]. This strategy implies that, when Bob
receives the expert opinionEH , he will have to revise his beliefs by adjust-
ing them to the expert’s. According to [12, 480], this means that if pexp(H)
is the probability that expertE assigns toH , then Bob should simply adopt
such probability as his own, so that pBob(H) = pexp(H). Since we are only
considering categorical opinions from experts, this would imply that, if
the expert testifies that H , then Bob should plainly accept H as certain,
i.e., pBob(H|EH) = 1.

Epistemic deference is of course an extreme updating strategy in the face
of expert opinion. It amounts to treating the expert as a fully veridical and
trustworthy oracle. From a Bayesian standpoint, this strategy cannot be
justified in general; the only case where it could apply is when two highly
idealized assumptions are made:

1. experts are completely reliable;
2. laypeople’s prior beliefs onH should not be taken into account.

As to (1), in our framework a completely reliable expert would be one
who cannot make mistakes, i.e., for which p(EH |¬H) = 0; this would
make RelE(H) meaningless, or better tending to infinity as p(EH |¬H)
approaches 0. Since we are interested in modeling real, fallible experts,
we exclude this case from consideration. As for (2), priors play of course
a crucial role in the Bayesian treatment of how our layman Bob reacts to
the expert testimony (cf. eq. (3.3)). Here, a natural objection to such treat-
ment is the following: it is sensible to exclude the layman’s prior beliefs
from the picture, since the expert holds (by definition) more accurate be-
liefs, hence the layman can just rely on the expert and needs not consider
his own priors when updating on an expert report.

While intuitively convincing, we think one should rebut this objection,
as our fictitious murder example shows. In that case, the Bayesian judge
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is not “deferent” to the fingerprint expert at all, at least not in the sense
suggested by [12]. For sure, the judge duly takes into account the ex-
pert report as a crucial piece of evidence, without doubting it. This is as
it should be, since while the judge is an expert in the legal domain, he
should be regarded as a layman when it comes to recognizing matching
fingerprints – and this is why the opinion of the forensic dactiloscopy ex-
pert is required.11 However, the judge does not conclude that Mr. Hap-
less is guilty, as his prior for such a hypothesis is very low. This would
happen if, as per (2) above, the judge ignores his own priors, meaning
that p(H) = p(¬H) = 0.5. Then, since o(H) = 1, eq. (3.3) would
correctly reduce to o(H|EH) = RelE(H), so that the expert’s opinion
fully determines the posterior beliefs of the judge. However, inmost cases,
this would amount to committing the so-called prosecutor’s fallacy, an in-
stance of the “base rate fallacy”, where the epistemic agent tends to conflate
the posterior probability for the likelihood p(E|H) [1, 16, 17].

The importance of the layman’s priors in updating on expert evidence
highlights an important distinction between two concepts: the “weight of
evidence” in favor ofH and the “acceptance” ofH . The former is provided
by the expert’s report and appropriately measured, as we argued, by his
reliability RelE(H); the latter crucially depends, in addition, also on the
layman’s priors. The idea of epistemic deference tends to obscure such
distinction and should be resisted accordingly.

Arguments from authority and layman testimony. Argumentation the-
ory studies the social practice of “giving and asking for reasons” [4], fo-
cusing on reasonable and fallacious uses of arguments in dialogical con-
texts [11, 22]. An important case is that of arguments from authority (ab
auctoritate). This strategy is employed whenever an arguer appeals to the
opinion of an authority to support her standpoint in a critical discussion.
The kind of authority we are interested in here is an epistemic one – and
therefore this argument is also known as appeal to expert opinion [36]. For
example, Bob and Carl are discussing whether it is true that food that has
fallen on the floor within 5 seconds will still be safe to eat (H). Carl is
confident thatH while Bob is convinced of the opposite. One week before
the conversation, Carl overheard on the TV an expert reporting that H
(i.e., Carl came to know the evidenceEH). To persuade Bob, Carl appeals
to the authority of that expert claiming that H . This means that Bob has
received some evidence from Carl’s testimony, which we will denote by

11 More generally, the epistemic roles of “layman” and “expert” are always domain-dependent: the
same person can be an expert in one domain and a layman in another (see [18]).
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LEH
(where L is for “layman”). How is Bob supposed to change his mind

in light of this evidence?
In argumentation theory, this scenario has been studied mostly from

a procedural perspective (rather than an epistemic one): i.e., what is rea-
sonable for a discussant to ask in such a scenario, rather than how they
should update their beliefs. Walton [36] has come up with a set of “critical
questions” that a lay discussant is always entitled to ask. Their function
is to momentarily shift the burden of proof on the proponent of the ar-
gument, by identifying its potential weak spots.12 While these questions
carry a useful heuristic value, they do not inherently offer criteria for eval-
uation of the answers. As we argue, a Bayesian approach provides valuable
insights into the assessment of arguments from authority.

While some authors have explored this idea [9,21], what is still needed is
a framework that specifically takes into account the significance of second-
order testimony, viz. Bob’s assessment of the evidence provided by Carl’s
report of an expert testimony. This, we submit, is the crucial aspect of
interest in the analysis of arguments from authority, which distinguishes
such case from that of “standard” expert testimony. In fact, this scenario
adds a further dimension of uncertainty, compared to the fingerprint ex-
ample in the previous paragraph. Not only is the link betweenH andEH

uncertain because of the fallibility of the expert providing the testimony;
but, crucially, this evidence itself is also uncertain because it is not gained
first-hand, but reported by a (lay) witness. Many things could go wrong
and lead Carl to misreport what he heard – for example: Carl’s bad faith,
confirmation bias, motivated reasoning, failure of memory, hearing im-
pairment, lack of understanding of the general context where the testi-
mony was provided, etc.

To deal with this additional layer of uncertainty, we suggest proceeding
as in Ann’s example: like the sudden darkness of the room introduced an
element of disturbance and opacity in the reading of the COVID-19 test,
here Bob will have to deal with Carl’s opaquely reported evidence. This is
where Jeffrey Conditionalization comes back into the picture. Building on
eq. (2.5), we can represent belief updating on a layman’s report of expert
testimony as follows:

p′(H) = p(H|LEH
) = p(H|EH)p′(EH) + p(H|¬EH)p′(¬EH) (4.1)

In words, Bob’s new probability forH , given Carl’s report LEH
that an ex-

pert testified thatH is true, will depend on the posterior probability ofH

12 They are: 1. How credible is expert E as an expert source?; 2. Is E an expert in the field F that
assertion A is in?; 3. What did E assert that implies A?; 4. Is E personally reliable as a source?; 5. Is A
consistent with what other experts assert?; 6. Is E’s assertion based on evidence?
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being true given that the expert really testified thatH – p(H|EH) – and,
at the same time, on the probability of the hypothesis still being true in the
light of the absence of the expert testimony – p(H|¬EH).13 Each of these
values will have to be adjusted, respectively, for the probability that lay-
man Carl reports the expert testimony correctly – p′(EH) – or incorrectly
– p′(¬EH). To assess such probabilities, Bob cannot rely on some objec-
tive assessment of Carl’s reliability, contrary to what the judge could do,
in our previous example, with the fingerprint expert. Indeed, one could
see the difference between expert and layman witnesses precisely in this:
that only for the former it is possible to estimate, at least approximately,
the corresponding reliability. For the latter, Bob can only rely on his own
subjective assessment of the reliability of Carl correctly reporting the tes-
timony he has witnessed. It remains to be explored how Walton’s critical
questions can be useful for refining such an assessment.

5. Conclusion
In this paper, we addressed the epistemic problem of expertise through the
lenses of Bayesian epistemology. First, we showed how a layman should
update his beliefs on the basis of that particular kind of evidence provided
by expert testimony, and how experts’ reliability can be construed as the
confirmation provided to the relevant hypothesis at issue. Then, we con-
trasted our Bayesian model with the strategy of complete epistemic defer-
ence as discussed in social epistemology, and argued that it can also shed
light on arguments from authority. Future work on these lines can move
in different but complementary directions. As to social epistemology, the
Bayesian approach seems promising when applied to problems of peer-
expert disagreement [31]. In argumentation theory, Bayesian insights can
help in bridging the gap between procedural and epistemic approaches to
reasonable dialogues [2]. Finally, the Bayesian standard offers a bench-
mark against which both experts’ and laymen’s beliefs can be tested, shed-
ding light on potential cognitive biases in their interaction, as studied in
cognitive science and psychology [10]. The promise is that of a formally
sound and empirically grounded approach that is better equipped than ex-
isting ones to deal with some central problems in social and formal epis-
temology.
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Informational influence
as a cause of (bi-)polarization?
A simulative approach

1. Introduction

Lack of communication in a groupmay have dire consequences, especially
when individuals adapt to others’ behavior and ignore their private signals.
Informational cascades [4] leading to the burst of market bubbles [11] are
well-known dynamics where incomplete information may undermine in-
dividually rational decisions. Yet, the presence of barriers is not the only
culprit of informational disasters. Even in situations of fully open commu-
nication, small errors may get magnified, as witnessed by many instances
of groupthink studied in social sciences [18]. Informational drifts of the
latter kind are often ascribable to dynamics of opinion polarization, which
constitute our topic of interest.

Very often the opinions of entire groups radicalize in one direction af-
ter discussion. This dynamic is known as group polarization to social psy-
chologists [17]. Polarization processes lie at the ground of many divides in
public debate, where the opinion of individuals about a given issue moves
towards opposite poles of the opinion spectrum, thus forming two distant
cohesive clusters. It is in fact this bimodal distribution of opinionswhich is
commonly referred to as “polarization” in everyday discourse [3]. For the
sake of clarity, we instead refer to the latter as bi-polarization, to indicate
that this is the effect of two diverging polarization dynamics.

The present work builds upon [28, 29], extending previous one by [23],
and further explores the conditions under which exchange of arguments
among agents can generate bi-polarization effects. Ourmain tool areAgent
Based Models (ABMs) of opinion dynamics. ABMs are computer models
that simulate a society of agents interacting with their neighbors through
some communication link. At an abstract level, the group is represented
as a network where the nodes are agents and the edges are ways by which
influence unfolds. Agents are artificial entities: their behavior and modes
of interaction are programmable, possibly with given amounts of random-
ness and different initial parameters. In the more restricted case of ABMs
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of opinion dynamics, interaction among agents consists of information ex-
change inducing an opinion update for the receiver. In our specific type of
models, information consists of arguments for or against a debated issue
(see Section 2 for more methodological details).

Previous work in [29] shows two main things, namely:

(a) that the relative strength of the arguments employed in a debate may
have a strong effect on bi-polarization dynamics, driving more indi-
viduals to end up on the stronger side of the opinion spectrum;

(b) that informational biases can induce bi-polarization, although under
strong conditions.

Here, by “informational bias” we indicate the general tendency of indi-
viduals to prioritize information in one direction rather than the other
(typically favoring information that resonates with one’s prior opinion).
In our setting, this may happen either by agents communicating a specific
kind of arguments, or else by updating their opinion in a specific way upon
receiving arguments from someone else (see Section 3.2).

In the present work we revise the assumptions and experiments con-
ducted to show (a) and (b), in order to test their robustness against relevant
additional factors that may alter the dynamics of information exchange.
First, we show that results concerning (a) are strongly influenced by the
specific measure of argument strength that is adopted. As a second point,
we also show that the presence of external influence (e.g. “propaganda”) on
both sides facilitates bi-polarization effects, therefore mitigating the con-
ditions for their occurrence postulated in (b). As a third aspect, we also
investigate whether and if some initial degree of bi-polarization may have
beneficial truth-tracking effects for the group as a whole. In philosophy
of science an analogous hypothesis is known as the “benefit of transient
diversity” after [36] and is used to explain the added value of diversity on
scientific discovery. Initial results in this direction show that this is in fact
the case, and the reasons are interesting to expose.

This paper proceeds as follows. In Section 2we provide an overview and
state of the art on agent-basedmodelling of opinion dynamics, with special
focus on models based on argument exchange. Section 3 introduces the
model by [23] and its extensions by [29]. Section 4 illustrates the new
experiments and their results.

2. Related work
Multi-agent models of opinion dynamics have been employed to under-
stand how mutual influence among individuals in a communication net-
work may lead to opinion consensus or to fragmentation into subgroups
with alternative views [1, 9, 12, 13, 15, 16]. ABMs are a useful complement
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to empirical research in situations that lab and field experiments cannot
cope with. This holds in particular when handling large groups and a large
number of parameters. In fact, multiple simulation runs can provide sta-
tistically significant results in a controlled setting, therefore avoidingmany
of the replicability issues that determine the so-called reproduction crisis
in psychology and social sciences [32].

In the first-generation of models of opinion dynamics, the opinion of
one agent at time t+1 is obtained by averaging his prior opinion at t with
those of his communication partners. As such, thesemodels can hardly ac-
count for bi-polarization effects. In fact, the mechanism of averaging can-
not reproduce by itself the radicalization dynamic occurring with group
polarization [23].

As a further important aspect, agents of first-generationABMs only dis-
play their opinion to others, not their motivations for it. Such mechanism
of influence is too coarse-grained to reproduce one informational trigger
which has been proven, by experimental studies in social psychology, ef-
fective for the emergence of polarization, namely the exchange of novel
and persuasive arguments in one direction or the other [22, 25, 34, 35].
More recent models integrate argument communication as a main element
of influence [14, 23], assuming that the opinion of one agent on a debated
issue is determined by the arguments that she considers relevant and, fur-
thermore, that agents communicate such arguments during interaction.
First results with these models show that social influence of this kind can
generate bi-polarization effects by just postulating a moderate degree of
homophily, that is the tendency to communicate with individuals having
similar opinions [6, 23, 24]. One limitation of these models is that they
assume that different arguments are unrelated, i.e they do not support,
undermine or rebut each other. This limitation does not allow to account
for how one argument can strengthen or weaken another, and, in turn, to
provide a measure of argument strength, as relevant in this context, unless
arbitrarily as in [31].

A new family of models [2, 29, 30, 33] adopts the more structured ap-
proach of abstract argumentation [10] to account for this dimension. In
particular, the present work capitalizes on the richer formalism of argu-
ment graphs with both attacks and supports between arguments [8]. Ar-
guments are further endowed with a measure of strength, as defined in
gradual argumentation [7]. To make the use of argument graphs more
transparent, let us consider the following example of a fictional debate be-
tween Alice and Bob.

Example 2.1. Alice: We should buy a house with a garden near the park,
because it is a very nice area. (a)
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Bob: There are swamps with a lot of mosquitoes in the park, therefore
it is not such a nice area. (b)

Alice: the area is regularly disinfested and therefore mosquitoes are not
a threat. (c)
Bob: They are going to build a playground for kids, therefore the area will
become even nicer and apt for families. (d)

Alice: Thedecision of building a playground is still in themaking, there-
fore it is not sure that there will be one. (e)

Arguments from a to e are represented as nodes in the graph of Fig-
ure 1. Clearly, argument b attacks a by undermining its premise. This is
represented in the graph by a single arrow from b to a. In turn, argument
c attacks b and therefore defends a from b. Intuitively, c has a positive
influence on a since it reinstates it. Argument d instead provides sup-
port for a, somehow reinforcing its premise. Here, support is represented
graphically by a double-edged arrow from d to a. Again, d is attacked by
e, which therefore also affects a in a negative way. Our measures of ar-
gument strength presented in Section 3.1 will take into account all these
positive and negative influences determined, both directly and indirectly,
by attacks and supports.

a

b d

c e

Figure 1 An example of argument graph with attacks and support for
Example 2.1. Labelled nodes represent arguments. Relations of attack
between arguments are indicated with a single arrow and relations of
support with a double arrow.

3. Model description
The ABM employed here extends the one presented in [29], which in
turn builds upon the model of Argument Communication Theory of
Bipolarization (ACTB) by [23]. Here, we describe its general architec-
ture and additions for the present work. For more details on defini-
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tions and implementation we refer to [23] and [29]. The code is available
at https://www.comses.net/codebase-release/ea5f9a4e-321a-4c39-a5e2-
18ba7657ed82/.

3.1. Basic components

Our ABM consists of a society of n agents and a finite directed, connected
and acyclic graph G = ⟨G,R−

G , R
+
G ⟩ representing the global knowledge

base for the debated issue v. G is the set of all arguments about v, the lat-
ter being included as the terminal node of the graph. The relation aR−

Gb
(resp. aR+

Gb) indicates an attack (resp. support) from argument a to ar-
gument b. Intuitively, the global knowledge base G represents the whole
information potentially available about v, condensating arguments (in fa-
vor and against v) and their mutual relationships.

At each point t in time, every agent i owns a fixed number of argu-
ments (the same number for all agents), which is a subsetSi,t ofG, ordered
by recentness. Such arguments inform one agent’s individual knowledge
base Si,t as a (proper) induced subgraph of G.1 Arguments owned by
the agents determine their opinion as specified in the subsequent
steps.

Arguments in a graph influence each other, directly and indirectly, via
attacks and supports, and such influencemay be either negative or positive.
We denote byNegA(a) the set of arguments with a negative influence on
argument a relative to graph A. This set is constituted by all arguments
linked toa via a directed path containing an odd number ofR− transitions.
In the graph of Figure 1 these arguments are b and e. On the contrary, the
set PosA(a) is the set of arguments with a positive influence on a and
is constituted by all arguments linked to it by directed path with an even
number (including 0) of R− transitions. This is the case of c and d in
Figure 1

Based on this distinction, in [29] we provide a measure of argument
strength for each node, which in turn serves to determine each agent’s
opinion. To this end, we endow our graphs with a function wA : A −→
[0, 1] assigning to each argument a base score, which is always 1 in our sim-
ulations. The base score provides the first step for iteratively computing
the proper strength of any argument based on the strengths of its ances-
tors (if any). The strength sSi,t(a), of argument a relative to the individual

1 To be precise, the individual knowledge base of i at t is Si,t = ⟨Si,t, R
−
Si,t , R

+
Si,t ⟩, where Si,t ⊆ G

always contains the topic node v; and whereR−
Si,t = R−

G ∩ (Si,t×Si,t) andR+
Si,t = R+

G ∩ (Si,t×
Si,t) are the restrictions of the support and attack relations of G to the arguments of Si,t.
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knowledge base of agent i at time t, is defined as2:

sSi,t(a) =

wSi,t(a) if *
1+

∑
b∈Si,t∩PosG(a) sSi,t (b)−

∑
b∈Si,t∩NegG(a) sSi,t (b)

|Si,t∩PosG(a)|+|Si,t∩NegG(a)|

2 otherwise
(3.1)

where * stands for (PosG(a) ∪ NegG(a)) ∩ Si,t = ∅. Therefore, the
strength of leaf nodes (i.e. arguments with no ancestors) is calculated
as their base score, while the strength of other arguments is provided by
weighting their ancestors with positive influence against those with nega-
tive influence. This measure ranges from 0 (weakest) to 1 (strongest). The
agent’s i opinion oi,t at time t is then defined simply as the strength of the
topic node, i.e.

oi,t = sSi,t(v) (3.2)

Here, oi,t = 0means that the opinion of i is totally negative, while oi,t = 1
means totally positive.

3.2. Interaction

The agents’ opinions evolve as the result of exchange of arguments among
randomly selected communication partners in a sequence of interactions.
At every time step two things occur:

Coupling. Agent i (the receiver) is randomly selected and paired with a
communication partner j (the sender). The latter is selected with a prob-
ability proportional to the similarity of its opinion with that of i at time t,
noted as simi,j,t - ranging from 0 (mostly dissimilar) to 1 (mostly similar).
This probability is calculated as:

pj,t =
(simi,j,t)

h∑n
j=1,j ̸=i(simi,j,t)h

(3.3)

Here, h implements homophilous selection. With h = 0 the receiver is
equally likely to be paired with anyone else as a sender. As the value of h
increases, the agent is more and more likely to be coupled with someone
having similar opinions.

2 Note that sSi,t is well-defined only for acyclic graphs, but this is enough for our purposes and the
simulations we conduct.
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Informational influence. The sender j communicates some argument
from its individual knowledge base — i.e. one from Sj,t — and the re-
ceiver i processes it and then revises its opinion after modifying its indi-
vidual knowledge base. In the original ACTBmodel the standard protocol
of informational influence at t contemplates that the sender j commu-
nicates one random argument, and the receiver i updates her knowledge
base to Si,t+1 by adding this argument as the most recent, while forget-
ting the oldest in Si,t. In the standard protocol there is no filter on which
arguments are communicated and which ones are accepted. In [29] we
add alternative procedures to the standard protocol, implementing biased
communication (by the sender) and biased update (by the receiver), in or-
der to test their bi-polarizing effect.

On the sender’s side, we implemented two different forms of biased
communication, namely:

1. Preferential communication of arguments favouring one’s prior opinion
(PCO). The sender communicates some (randomly selected) argument
that is in line with his current opinion, i.e. a positive argument if its
opinion is favorable (above 0.5), and a negative one otherwise.

and

2. Preferential communication of stronger arguments (PCS). The sender j
communicates some random argument among those that he considers
stronger according to the function sSj,t .

PCO encodes a rather partisan behaviour, for it assumes that the sender
only shares information “that he likes”. On the other hand, PCS can be
regarded as a more “honest” attitude, since the agent communicates the
pieces of information he considers to be, to the best of her knowledge, the
most justified.

On the receiver’s side, we instead tested additional modalities of update,
the first one is

3. Preferential update with arguments favouring one’s prior opinion (PUO).
The receiver rejects any argument not in line with his current opinion,
i.e. rejects a positive argument if his opinion is negative (below 0.5),
and a negative one if positive. Otherwise he follows the standard pro-
cedure.

This updatingmodality is the analogous of PCO, whereby the agent simply
obliterates information she does not like. This is probably the most imme-
diate way of implementing the psychological mechanism of confirmation
bias [26].
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A different updating modality is

4. Preferential discarding of weaker arguments (PUW). The receiver i dis-
cards the oldest argument among those that he considers as weaker ac-
cording to the function sSi,t .

As for PCS, here the agent arguably acts “fairly” when obliterating argu-
ments that she is entitled to consider as weak.3

Finally, we implemented

5. Vigilant update with n new arguments (VUn). The receiver accepts any
argument against his opinion, but also adds n new arguments favoring
his opinion.4 He instead follows the standard protocol when receiving
an argument supporting his opinion.

This procedure describes an alternative implementation of themechanism
of confirmation bias. In fact, it encodes instead a more proactive atti-
tude, also well-known to psychologists, to contrast dissonant information
by searching for new confirming pieces of evidence or justificatory rea-
sons [27]. The parameter n indicates how strong such contrast is.

In all these updating procedures the size of the individual knowledge
base is kept constant (and limited), as assumed in the original model of
[23], on the basis of psychological research on memory processes [5]. For
VUn this is done by forgetting the n + 1 oldest arguments instead of just
one.

For all policies from 1. to 5. it is possible to vary the probability P by
which they are implemented at each time step, with respect to the alterna-
tive of following the standard protocol of communication or update. For
example, P (PCO) = x, with 0 ≤ x ≤ 1, means that the sender j uses
PCO with probability x, and the standard communication protocol with
probability 1− x. Therefore, P measures the strength of the bias.

IntheoriginalACTBmodel there are two equilibria of the system, name-
ly perfect consensus and maximal bi-polarization. Such equilibria occur
when a sufficient number of arguments gets forgotten by all members of
thegroupandthereforecannotcirculateanymore.Perfect consensusmeans

3 We let the agent forget the oldest argument among the weaker ones in order to stick as much as
possible to the updating protocol of the original model, and for no other reason. In fact, there is
room for arguing that discarding an argument which survived for a longer period may after all not be
“rational”.
4 In [29] new arguments are selected by the agent among all potential argument (the whole knowledge
base G), thus simulating a process of individual inquiry. An alternative option would be to let the
agent draw them out from the more restricted set of arguments that are still alive in the community.
Intuitively, this option amounts to “asking someone else” for confirmation.
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all agents end up having the same arguments and therefore the same opin-
ion. Here, polarization scenarios where all agents end up with the same
fully positive (resp. fully negative) opinion, count as a specific form of
consensus.

Maximalbi-polarizationinsteadmeanstheemergenceof two subgroups,
onewhere agents have opinion 1 owning the same positive arguments, and
one where agents have opinion 0 owning the same negative ones. In the
original model equilibria are stable, in the sense that no further change in
individual knowledge bases is possible, and therefore no individual opin-
ion change.5

3.3. Additions
Modifying the measure of argument strength. As mentioned in the intro-
duction, one point of this work is to test the robustness of previous re-
sults under modifications of the measure of argument strength. There are
many reasonable alternatives to themeasure provided in Equation 3.1, and
which have intuitive grounding. Here we implement one of them. To un-
derstand its definition and rationale, it is key to note that in Equation 3.1
ancestors with influence on a are relative to the global knowledge base, i.e.
they belong to either PosG(a) or NegG(a), and not relative to the indi-
vidual knowledge base of the agent, i.e. PosSi,t(a) or NegSi,t(a). In fact,
the graph Si,t may be easily disconnected, while G is not. Therefore the
measure of Equation 3.1 allows to count arguments with no path to v in
the agent’s individual knowledge base. It then implicitly assumes that the
agent knows that, say, some argument c defending a against a counterar-
gument b has positive influence towards a although the agent is not aware
of b. This assumption may be very strong in certain contexts of applica-
tion, especially those where there is no intuitive link between c and a. We
can revise this assumption by replacing, in Equation 3.1, the following:

1 +

∑
b∈PosSi,t (a)

sSi,t (b)−
∑

b∈NegSi,t (a)
sSi,t (b)

max{1,|Pos+Si,t
(a)|+|Neg+Si,t

(a)|}

2
(3.4)

where Pos+Si,t (resp. Neg+Si,t) is the set of arguments with positive (resp.
negative) influence w.r.t. the graph Si,t andwhose strength is> 0. Overall,

5 It is important to note that bi-polarization is an equilibrium only when h ̸= 0. Otherwise, com-
munication and opinion change are still possible between maximally distinct subgroups. Further,
our specific implementation of vigilant update (V Un) allows that forgotten arguments can possibly
circulate again, therefore undermining the stability of the system. Many of our experiments are run
under the condition h = 0 or use V Un. In this cases we check that the halt conditions we impose
are sufficient to guarantee stability in the limit.
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this equation replaces all occurrences of PosG (resp. NegG) with PosSi,t
(resp. NegSi,t) in the numerator, and with Pos+Si,t (resp. Neg+Si,t) in the
denominator. As a consequence, all disconnected arguments and those
with null strength get discounted.6 Thenwe get ameasure s∗ alternative to
that of Equation 3.1. Aswe shall see in Section 4.1 this simplemodification
has a strong impact on our previous results.

External influence. Thus far, all versions of ourmodel assume that agents
exchange information (in a more or less biased way) only with their peers,
i.e. other individuals subject to influence and opinion change. This over-
looks a relevant aspect of daily life social contexts, which is influence from
external actors. The latter may take many forms, ranging from influence
in one direction and by a single source of information (e.g. propaganda) to
multiple voices pointing to alternative directions (e.g. trendsetters or in-
fluencers). What is common to all these sources is that they are assumed
not to be subject, themselves, to influence and opinion change. Abstract-
ing away fromother differences, in ourmodel we encode the effect of (pos-
itive or negative) propaganda simply as a probability P ′ that the receiver,
once selected, is not paired with another agent but is instead exposed to
listening arguments in a specific direction.

Varying homophily during a single run. A further characteristic of the ar-
chitecture employed thus far is that homophily is kept constant during the
whole run. This sounds as a reasonable assumption if individuals are sup-
posed to be, at any moment, totally free to interact with others as they
prefer. For many purposes, it seems however reasonable to test the effect
of an external intervention in this regard. As an example, it is claimed
from many sides that debate and decision-making on sensible topics may
benefit by fostering diversity between opinions and listening to alterna-
tive views. This foreshadows the opportunity of an artificial intervention,
during specific phases, redirecting the agents’ propensity to interact with
whoever they like. Here we act on the level of the agents’ homophily in
order to test the benefit of transient diversity (Section 1). The specific in-
tervention here consists of setting an initial high level of homophily and
then removing it, as we specify further below.

6 The value max{1, |Pos+Si,t (a)|+ |Neg+Si,t (a)|}) in the denominator serves to avoid indeterminate
forms when all ancestors are disconnected or have null strength. In these cases, it is assumed that the
agent’s opinion should be 0.5.
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4. Simulations and results

4.1. Discounting disconnected arguments

A first question investigated in [29] was whether a generally positive (resp.
negative) attitude towards the topic v may be induced by stronger argu-
ments for (resp. against) v. More precisely, we tested whether making ar-
guments from PosG(v) stronger, while equal in number, than arguments
in NegG(v), would induce a higher rate of consensus on a positive opin-
ion or else, when bi-polarization occurs, force more agents to polarize to-
wards the positive side, i.e having opinion 1. To test this, in [29] we ran
our simulation with a society of 20 agents. We compared two different
configurations of the global knowledge base, namely Configuration 1 and
Configuration 2 of Figure 2. Both configurations have an equal number of
positive and negative arguments (PosG(v) = NegG(v) = 20). In Con-
figuration 1, positive and negative arguments are also equally strong, since
all of them are unattacked (and have the same base score of 1). This is re-
flected by the fact that the strength sG(v) of the topic node here is 0.5, i.e.
right in the middle of the opinion spectrum. In Configuration 2 the pos-
itive arguments (unattacked) are instead stronger than the negative ones,
and in fact sG(v) is 0.75.

Figure 2 Four different configurations of the global knowledge base, all with
Pos(v) = Neg(v) = 20. The strength of the topic node for each of
these global knowledge bases varies from sG(v) = 0.5 for (a) and (c),
to sG(v) = 0.625 for (d) and = 0.75 for (b).

In [29] we conducted our tests with a high level of homophily (h = 9)
and by varying the memory of agents from |Si,t| = 4 to |Si,t| = 8, where
the former means that agents have only four relevant arguments (besides
v) in their individual knowledge base, while they have eight in the lat-
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ter. As expected, under the first configuration the average opinion after
multiple runs was constantly around 0.5 and, in cases of bi-polarization,
the average size of pro-oriented and con-oriented groups was the same
(i.e. 10). Things change with Configuration 2: although we did not wit-
ness significant opinion shifts in cases of consensus, for bi-polarizations
the average size of the pro-oriented group increased significantly above
the mean, with a peak of 11.56 for |Si,t| = 8 (high individual memory).
Overall, this seems to witness that stronger arguments for one side can tilt
the balance towards that direction.

However, further experiments conducted for the present work put this
conclusion in a more detailed perspective. As a test, we modified our
measure of argument strength with the new s∗ as indicated in Equation
3.4. Here, we run our tests with Configuration 4 of Figure 2 as the global
knowledge base, where s∗G(v) = 0.66 and sG(v) = 0.625, i.e. it is still
positive both with the new and the old measure.7 We assume |Si,t| = 8
andh = 9. Results are reported in Figure 3. With the oldmeasure sSi,t , the
outcome is very similar to the one obtained with Configuration 2, where
the pro-oriented group dominates. On the contrary, with the new mea-
sure s∗Si,t the situation is inverted, with the average size of the pro-oriented
group falling way below the medium. This was expected, since, given that
stronger arguments gets easily discounted in the individual opinion, due
to their being disconnected in the individual knowledge base, the dynamic
is specular to what happens with the old measure (see [29, par. 4.6]).

4.2. External influence as propaganda

A second target in [29] was to ascertain whether bi-polarization effects
could be generated without homophily (h = 0) – or with a low level of it
(h = 1) – as the effect of biases in communication and update. To test this,
we workedmainly with Configuration 1 as the global knowledge base, and
results where rather surprising. Except for situations where agents system-
atically reject contrary arguments (P (PUO) = 1), bi-polarization effects
hardly obtain. In fact, having tested various combinations of biased com-
munication (1. and 2.) and update (3.-5.) with different levels of proba-
bility, the most typical pattern that emerged was simple polarization, with
a dynamic similar to that represented in Figure 4. Here, after an initial
phase of splitting into two groups, one group gets progressively attracted

7 We run this experiment on a different global knowledge base in order to avoid a natural problem
that our new measure generate w.r.t. Configuration 2, namely that no agent can get a totally positive
opinion, because all positive arguments would be disconnected from the topic node in their individual
knowledge base.



93 Informational influence as a cause of (bi-)polarization? A simulative approach

Figure 3 Average size of the pro-oriented group after bi-polarization in
Configuration 4 of Figure 2, with the old measure sSi,t (above) and the
new one s∗Si,t (below). With h = 9 and the old measure the average
cardinality is∼ 10.78 with a 95% confidence interval of width 0.42
(i.e. ranging from 10.35 to 11.2). With the new measure it is∼ 7.35,
with a 95% confidence interval of width 0.35.

towards the opposite pole. This happens even when agents have a consis-
tent probability of communicating arguments in favour of their opinion
(P (PCO) = 0.9) and of rejecting contrary arguments (P (PUO) = 0.9).

To test the robustness of this dynamic, we added external influence in
the form of of propaganda from both sides of the opinion spectrum, and
things change quite substantially. In this specific setting, we add external
influence (as generically described in Section 3.3) in the form of agents
facing communication from an external source which only voices argu-
ments that support their current opinion. We tested this against a previ-
ous batch of simulations where bi-polarization occurred only in 12% of
the runs with P (PUO) = P (PCO) = 0.9 – with no homophily and low
individual memory (|Si,t| = 4).

Our new simulations show that with a probability of hearing favorable
propaganda of only 0.05% the number of runs ending in bi-polarization
goes up to 23.6% (118 over 500 runs). With a probability of 0.15, they
raise to more than 60% (306 over 500), and to almost 97% (484 over 500)
with a probability of 33%.

To check the real impact of this type of external influence, we repeated
the same simulations without biased agents, i.e. under the standard pro-
tocol with P (PUO) = P (PCO) = 0. With 0.05% probability of exter-
nal influence, the result is quite similar to the biased case with 106 over
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500 runs ending in bi-polarization. However, raising the probability of
external influence to 0.15% and 0.33% makes bi-polarizations disappear,
forcing again polarization dynamics akin to that in Figure 4.

These results show that even a small amount of external influence can
disrupt the polarization dynamic described above and facilitate bi-polari-
zation instead. In fact, low levels of it cause bi-polarizing effects also with-
out bias. This however does not exclude bias as a necessary cause of bi-
polarization in cases where external influence is higher. It follows that, by
assuming propaganda as a relevant factor in our model, confirmation bias
can be seen as a concurrent cause of bi-polarization effects, when acting
in tandem with external influence. To some extent, these results restore
the widespread intuition that confirmation bias is a responsible for this
phenomenon [21].

4.3. The benefit of transient diversity
Many historical examples witness that diversification of efforts and a cer-
tain degree of pluralism has a beneficial effect on scientific discovery [19,
20]. Although results need to converge and be compared at some point,
scientific inquiry may cash in on phases where independent lines of re-
search run in parallel. Work in [36] provides a formal model to show the

Figure 4 Typical dynamic of polarization with bias, no homophily and no
external influence.
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benefit of transient diversity in a community, the latter being understood
as a situation where “diversity should be around long enough so that in-
dividuals do not discard theories too quickly, but also not stay around so
long as to hinder the convergence to one action.”

In a model like ours, it becomes interesting to test whether fostering a
temporary divergence of opinions is somehow truth-conducive. One first
problem with our model is that truth, as commonly understood, is not
defined: all there is are arguments and opinions. Yet, the measure sG(v),
i.e. the strength of the topic node according to the whole global knowledge
base, provides something of this kind, that is the value of the opinion that
an ideal agent should hold on the basis of the most complete information
available. For our experiment we chose Configuration 2 of Figure 2, where
sG(v) = 0.75.

For a first test on the effect of transient diversity in our framework, we
run our simulations under the standard communication protocol and high
individual memory of Si,t = 8, by setting a high level of homophily (h =
9) until bi-polarization occurs, and then moving it away (h = 0) to force
consensus. We then calculate the average opinion in all runs ending with
consensus. Finally, we compare these results with those from analogous
setups but with constant level of homophily, either constantly high (h = 9)
or absent (h = 0).

Figure 5 Average opinion after consensus for Configuration 2 (Si,t = 8) with
constant homophily (h = 0, above) and (h = 9, middle) and with
transient diversity (first h = 9 and then h = 0, bottom). With h = 0
the average opinion is∼ 0.53 with a 95% confidence interval of width
0.01 (i.e. ranging from 0.52 to 0.54). With h = 9 the average opinion
is∼ 0.52, but with a 95% confidence interval of width 0.03. With
transient diversity the average opinion is∼ 0.55 with a 95%
confidence interval of width 0.025.
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As illustrated in Figure 5, our results over 500 simulations show that
the average consensus opinion in situations of transient diversity comes
slightly closer to the actual value of sG(v), moving away from the median
opinion in a way that is statistically significant. This indicates that, in this
model, transient diversity has, at least for some configurations, a veritistic
value. This result is indeed coherent with our previous results from [29]
on the effect of argument strength (see Section 4.1). In fact, since a larger
number of agents polarizes towards a totally positive opinion than towards
a negative one, it is to be expected that the larger group works as an attrac-
tor after barriers are removed.

5. Conclusions

This paper extends previous work of [28, 29] by testing a new measure of
opinion and by encoding new features such as the effect of propaganda
and of transient diversity.

Changing the measure has the significant effect of reversing the balance
of power between groups in bi-polarization. With the new measure, the
groupwith weaker reasons ends up getting larger. Neither this nor the pre-
viously adopted measure are empirically grounded, and therefore none of
them speaks in favor of a specific trend. Yet, the second way of measuring
argument strength seems reasonable in contexts where indirect dependen-
cies between arguments are complex to assess. Therefore, our results pro-
vide a specific warning about quickly optimistic conclusions on the truth
conducive power of argument strength.

One second batch of simulations tested the bi-polarizing effect of pro-
paganda in biased communication. Our results witness that even a small
degree of external influence can force a significant level of bi-polarization,
although different combinations of their levels may generate opposite out-
comes.

Finally, we tested whether an initial phase of high homophily, with con-
sequent bi-polarization, canmake the group’s opinionmore accuratewhen
forced to reconverge. Although still partial, our results seem to indicate a
slight benefit with respect to situations of fully free circulation of informa-
tion (no homophily), and a more significant one w.r.t. situations where
homophily canalizes social interaction.
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Conflict of Interest and the Principle
of Total Evidence

1. Introduction

Recent literature suggests that most medical trials suffer from conflict of
interest (henceforth, CoI), most notably financial sponsorship by pharma-
ceutical companies [24]. In this article, we address the unique challenge
that evidence of CoI poses to the so-called principle of total evidence [2],
which dictates that one ought to consider all sources of evidence when as-
sessing the truth of a hypothesis.

To understand the nature of the challenge, it is instructive to first con-
sider the much discussed—but conceptually simpler—case of evidence
from randomized controlled trials (RCTs). RCTs are often treated as
the gold standard of medical research [25]. The evidence-based-medicine
movement holds that RCTs are at the top of the quality-of-evidence hi-
erarchy. According to the “best evidence synthesis” view [27] only high-
quality studies ought to be taken into account. Yet, RCTs have also been
severely criticized for being subject to biases (e.g., small size, inadequate
blinding) that too often make them less than perfectly reliable [12, 32]. In
this light, is it legitimate to consider other sources of evidence? In the lit-
erature, it has been argued [1,22] that one ought to consider all sources of
evidence, once information about reliability is taken into account, in line
with the principle of total evidence.

Against this backdrop, how should one consider information about CoI?
Similarly to the reliability case, we may regard the decision to ignore stud-
ies with CoI as an application of the best evidence view. Contrary to that
case, however, it is unclear how one may demonstrate that it is useful to
consider sources of evidence subject to CoI. The reason is that CoI has
an ambiguous influence on reported results. In fact, available reviews sug-
gest both that CoI raises the probability of biased estimates [7, 17] and
that studies subject to CoI are more reliable in virtue of their better de-
sign/quality [19]. Intuitively, the two considerations pull in different di-
rections, namely privileging evidence from RCTs with CoI vs discarding
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it. So the question arises, would one here, too, benefit from considering
all sources of evidence?

Some authors [13,28] have recommended that conclusions from studies
subject to CoI be down-adjusted, or “discounted”. We see a fundamental
problem with this proposal, namely that an unqualified discount, which
does not take the dual role of CoI into account, would be epistemically
unjust. Recently, Jonathan Fuller [8] has argued that evidence of stud-
ies subject to CoI can be appropriately taken into account—in a Bayesian
way—rather than ignored. However, he proposes no concrete model to
accomplish that.

Here, we provide a Bayesianmodel, which shows how one ought to take
information on CoI into account without committing an epistemic injus-
tice and in agreement with the principle of total evidence. Crucial to this
task is that our model facilitates the understanding of how evidence af-
fected by CoI can confirm true hypotheses and disconfirm false ones, pre-
cisely in virtue of representing all available information. Accordingly, we
show that (A) studies subject to CoI can improve confirmation despite the
ambiguous role of CoI, and that (B) information onCoI is not less relevant
than other information, most notably, quality.

2. Bias and the principle of total evidence
Evidence-based medicine is the nowadays very popular view that there’s a
natural hierarchy in the quality of the evidence, and that one should priori-
tize evidence at the top and dismiss evidence at the bottomwhen assessing
the support of medical studies for a hypothesis of interest. The strongest
take on this view is that only the best available evidence should be con-
sidered (“best evidence synthesis”, [27]), namely RCTs, and reviews and
meta-analyses thereof.

RCTs are routinely used in the medical community to establish the effi-
cacy of medical interventions with respect to pathologies of interest. Judg-
ments of efficacy are based on outcomemeasures obtained in an RCT, typ-
ically the difference or the ratio between the effects of the intervention in
the treatment group and in the control group. The goal of RCT is thus
to estimate the causal effect of administering the treatment instead of the
control, and ultimately, to warrant clinicians in using that intervention to
treat patients suffering from those pathologies.

RCTs have two main virtues. By randomization over the test popula-
tion, they are meant to eliminate confounding, namely the presence of
factors other than the intervention making a difference to the outcome.
Thanks to blind assignments of individuals to the treatment and the con-
trol (e.g., placebo, alternative treatment) group, they are meant to elimi-
nate biases where beliefs of the experimenters or the subjects may influ-
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ence the outcome. This design ensures—in principle—a reliable estimate
of the treatment’s effect size. For this reason, RCTs are often considered
the “gold standard” in medical research [25].

In practice, however, RCTs suffer from many limitations. These limita-
tions are widely discussed and have led some to doubt the validity of much
contemporary medical research [12]. Some limitations are statistical. For
instance, small sample size increases the chances of unevenly distributed
factors that bias the effect size estimate. Other limitations depend on faults
in the experimental design. For instance, without proper blinding, selec-
tion bias induces experimenters/subjects to re-allocate. So, the question
arises, is it legitimate to consider less-than-ideal evidence, in light of the
biases of “best” evidence?

The question has been answered in the affirmative in the philosophical
literature: evidence from less-than-ideal sources can improve confirma-
tion if their reliability is properly accounted for [22]. The simplest scenario
to illustrate this claim is a model over three variables, the hypothesis H ,
the evidence E, and the reliability of the evidential source R (Figure 1).
Although the complete model includes a node denoting the reliability of
the source, R, if the source is fully reliable, such that the prior of r equals
1, R drops out of the model, such that the confirmation of H (which is a
function of its posterior probability relative to its prior) depends entirely
on E:

P (h|e) = P (h)P (e|h)
P (e)

=
P (h)P (e|h)

P (h)P (e|h) + P (h)P (e|h)

By contrast, if the source of the evidence is not fully reliable, namely r has
a prior smaller than 1,E has a weaker bearing onH , due to its dependence
onR, once the latter is explicitly accounted for:

P (h|e)=
P (h)P (r)P (e|hr) + P (h)P (r̄)P (e|hr̄)

P (h)P (r)P (e|hr)+P (h)P (r)P (e|hr)+P (h)P (r̄)P (e|hr̄)+P (h)P (r̄)P (e|hr̄)
.

Along similar lines, several methodologists advocate consideration of
studies of both high- and low- quality when evaluating medical hypothe-
ses. For instance, [30] and [29] have claimed that one may benefit from

H R

E

H =

{
h : Clinically significant benefit.
h̄ : No clinically significant benefit.

R =

{
r : High reliability of the source.
r̄ : Low reliability of the source.

E =

{
e : Evidence of significant benefit.
ē : No evidence of significant benefit.

Figure 1
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synthesizing evidence from studies randomly drawn from a mixture of
studies with low risk of bias (in virtue of, respectively, allocation con-
cealment or randomization) and studies with high risk of bias (for lack
of concealment or randomization). Such proposals, like the simple model
in Figure 1, promote the use of all available evidence over the neglect of
part of it, even if it is of a lesser quality.

These considerations are in line with the principle of total evidence [2],
which holds that, when assessing the credibility of hypotheses, we should
endeavour to take into account all of the evidence at our disposal instead
of just some proper part of it. The rationale behind the principle is that,
since truth-conducive scientific inquiry is based on evidence, one ought
not ignore any piece of evidence, as this would unnecessarily slow down
the inquiry. That holds, note, even if the evidence in question is known
to be potentially misleading. In that case, the principle requires that this
piece of information—about the reliability of the evidence—be, too, taken
into account to ensure maximal truth conduciveness whilst avoiding un-
justified conclusions. In what follows, we shall endorse the principle of
total evidence and argue that one ought to comply with it when account-
ing for the evidence, not only when the source is subject to a bias but also
when it is subject to CoI.

3. Conflict of interest

An important but under-appreciated fact about RCTs is that most of them
are subject to CoI [24]. CoI may be defined as “anything that may influ-
ence professional judgment”, be that a financial interest by a pharmaceuti-
cal company, a personal interest, an academic interest, a political interest,
or else [17, 2]. The most researched type of CoI is industry funding, and
with good reason. There is strong evidence that industry funding is rel-
evant to results aligning with the funders’ interests [20, 21]. Moreover,
it is plausible that other types of CoI—academic prestige, researcher al-
legiance, political/ideological beliefs, patient advocacy—may be relevant,
too, yet there is no evidence that they actually are.1 Therefore, our analysis
shall focus on financial CoI rather than other types of CoI.

Assume that a large group of studies is partitioned into two subgroups
depending on whether they are subject to CoI, which is in turn inferred
from (reliable) reports on industry funding. To understand whether the
difference between the two subgroups is significant, onemight use a meta-

1 The (scant) evidence on the matter actually suggests that other factors (e.g., authors’ affiliation, jour-
nal’s impact factor) are not significant, once industry funding and study quality are controlled for [6].
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regression as a diagnostic tool.2 Assume that the effect size may be pre-
dicted as a linear function, for instance fi(x, y) = αi + βix + γy, of
sampled effects x and study characteristics y, so as to minimize overall
variance. By a meta-regression, one may test the statistical significance of
additional covariates. For instance, one may treat CoI as a categorical (bi-
nary) covariate c in fi(x, c) = αi+βix+ γc. Conditional on the value of
c (i.e., subgroupwith/without CoI), the regression linemay shift. To check
if the shift is significant, one may test whether the null hypothesis γ = 0
can be rejected [5, 457]. By using statistical tools such as meta-regression,
it has been observed that studies with CoI are 4 times as likely to produce
positive outcomes [19]; 1.32 times as likely to report favourable efficacy
results, and 1.87 times as likely to report favourable harms [20]; and gen-
erally more likely to produce favourable conclusions, if not favourable re-
sults [33].

Still, this observation alone does not establish which subgroup of stud-
ies is most trustworthy in producing more accurate estimates, as there
are several possible explanations for the difference. The observation that
industry-funded research is more likely to report significant beneficial ef-
fects is compatible with studies subject to CoI being more—rather than
less—accurate. After all, industry-funded studies may have more power
and better design, simply because they can exploit larger financial resour-
ces. This could fully explain the observed divergence in effects between
the two subgroups. Indeed, while some studies report that industry fund-
ing is associated with poorermethodology [15,21], other studies report no
difference in methodological quality between industry and non-industry
funded research or even that industry funding is associated with higher
quality [19].

What is striking, though, and in need of explanation, is the fact that the
correlation between CoI and a difference in estimates is robust, even after
controlling for a number of potential explanatory factors, such asmethod-
ological quality, statistical power, type of intervention or medical specialty
[17], sample size, study design, country of primary authors [7], etc. This
suggests that CoI may be a latent source of bias, even if the nature of the
induced bias is hard to pin down exactly. Indeed, Lexchin [18] indicates
that CoI can introduce biases in a subtle way—from selective outcome re-
porting (e.g., standalone or repeated publication of study with favourable
outcome), to poor design (e.g., inappropriate choice of doses, dosing in-
tervals, comparators), inadequate analysis (e.g., “p-hacking”), and fraud
(e.g., data fabrication). Typically, one cannot verify whether all of the lat-

2 On the difference between meta-regression and simple regression, see [11, §9.6.4].
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ter factors are absent from a given study by directly inspecting the report
of the study and of the data collected in the study. As a result, popular
scores (e.g., Risk-of-Bias), which are designed to evaluate the quality of
the design of RCTs, are insensitive to such biases.

The above considerations should lead one to conclude that the effect
of CoI is ambiguous—it can both improve quality and induce bias. How
should one deal with this piece of information?

Ideally, if the sample size of studies without CoI were large enough, one
could dispense with ambiguous evidence coming from potentially biased
RCTs altogether. This is in line with the view that only the best available
evidence should be considered. The problem with this view, however, is
that large studies without CoI are often unavailable. For instance, phase
III trials, although they may be conducted under the supervision of regu-
latory bodies, are typically sponsored by the pharmaceutical industry [23],
which has a clear interest in demonstrating positive efficacy results. Drug
approval thus has to rely on only few RCTs, which are normally all subject
to CoI.

In light of this observation, some authors have recommended that con-
clusions from studies subject to CoI be down-adjusted, or “discounted”.
For instance, Stegenga [28] claims that “our confidence in medical inter-
ventions ought to be low, or at least much lower than is now the case”.
Ioannidis [13] advocates a “rational down-adjustment of effect sizes” and
the use of “analytical methods that correct for anticipated inflation” (644).
Fuller [8] maintains that, although multiple explanations for the associa-
tion between CoI and divergent results remain possible, and although it is
difficult to quantify the bias, “on net the plausible interpretations compel
us to lower our confidence in therapies, at least qualitatively” (778). Yet,
how to concretely go about discounting evidence subject to CoI is non-
trivial. Given the association between CoI and bias, some [26,31] propose
to add CoI to the categories that determine the quality score of a study.
The problem with such proposals is that they may commit an epistemic
injustice. In light of the evidence about the quality of individual studies
subject to CoI, it would seem unjust to systematically punish studies with
equal or superior design only because they belong to a “suspect” reference
class. An unqualified discount of the evidence of studies subject to CoI
tantamounts to neglecting its ambiguous role as both a promoter of biases
and a preventer of them, and de facto to reducing CoI to a bias.

The lack of a concrete and well-motivated proposal on how, if at all,
to discount evidence subject to CoI has important practical implications.
For instance, meta-analyses are routinely used to improve effect size esti-
mates by pooling together multiple RCTs and solve potential biases due to
their individual (small) sample size. However, as observed by Roseman
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et al. [24], almost 70% of the RCTs included in meta-analyses are subject
to CoI. Since CoI may decrease their reliability and skew their results, it
poses a threat to the validity of the method, such that a prima facie more
accurate estimate may hide biases induced by CoI, which actually lead to
a less accurate estimate. In spite of this threat, the issue is not explicitly
addressed by existing protocols on how to perform a meta-analysis.3 As a
result, current meta-analyses tend to omit any reference to CoI, let alone
solve the possible problems due to them.

In sum, from the principle of total evidence, it follows that neglecting
evidence from larger and more powerful studies is irrational, and so is
neglecting evidence on the relevance of CoI to biased estimates of causal
effects. At the same time, without a concrete model, and in light of CoI’s
ambiguous role, it’s unclear whether discounting evidence subject to CoI
is justified or how evidence from CoI-laden source is confirmatory. The
rest of the paper is devoted to developing one such model. This, in turn,
promises to be a first step towards addressing cognate problems, such as
ensuring thatmeta-analyses actually improve effect size estimates by prop-
erly accounting for information on CoI.

4. Fuller’s proposal
A recent proposal by Jonathan Fuller [8] on how to discount evidence sub-
ject to CoI shall serve as a useful starting point for our proposal.

The proposal is based on the distinction between two different types
of evidence. There’s first-order evidence—evidence E that bears directly
on the probability of a hypothesis H—and higher-order evidence, which
is evidence about the evidence E. In particular, in the latter category falls
evidenceE′ of how the evidenceE was generated. This sort of evidence is
the product of “meta-research”, which may be characterized as

[...] an evolving scientific discipline that aims to evaluate and improve re-
search practices. It includes thematic areas of methods, reporting, repro-
ducibility, evaluation, and incentives [...] helping science progress faster
by conducting scientific research on research itself. [14, 1-2]

In particular, meta-research evidence is “not evidence about a particular
agent’s reasoning; it concerns the public evidence fromwhichmany agents
reason” [8, 774]. Based on this distinction, a particular study result is first-
order evidence; whereas evidence on how the evidence is generated in the
class of studies to which that particular study belongs is higher-order.

3 For instance, the Cochrane Institute, which promotes the production of meta-analyses, does rec-
ommend methods of bias detection such as funnel plots and sensitivity analyses ( [11, §10.4]), but
provides no special recommendations on what to do with RCTs that report a CoI.
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Fuller claims that one ought to incorporatemeta-research evidence into
a probabilistic (Bayesian) judgment on the hypothesis:

Meta-evidencemay be irrelevant to the bearing ofE onH , but it is entirely
relevant to our confidence in E and thus to our confidence inH . (774)

However, Fuller offers no concrete model to accompany his claim. The
next section aims to remedy this deficiency.

From Fuller’s proposal, we inherit the attention to meta-research evi-
dence and the view that both first- and higher-order evidence bear on the
probability of the hypothesis. At the same time, Fuller invites an equiv-
ocation between the “directness” of the evidence and its “order” [8, 770],
which notions we prefer to keep distinct. Moreover, we do not share his
intuitions on the appropriate (Bayesian) way to model this scenario. He
maintains that E′ is relevant to H because E fails to screen off [8, 776],
or render conditionally independent, E′ and H . However, this suggests
that there is a missing edge between E′ and H relative to either E′ ←−
E −→ H or E′ −→ E −→ H , both of which structures contradict not
only Fuller’s statement that there is no direct dependence between meta-
research and hypothesis (cf. quote) but also the widely received view that
the reliability of the evidence-gathering method bears on the hypothesis
via a collider structure,H −→ E ←− E′ (cf. Figure 1, withE′ in the place
ofR). The next section shall introduce a fully fledged Bayesian model that
explains how evidence of RCTs subject to CoI may aid confirmation with-
out being subject to the aforementioned problems.

5. A Bayesian model
We now introduce a Bayesian model, which we motivate and set up in
agreement with the principle of total evidence. Ultimately, the model shall
serve to prove two main theses, namely that (A) information on CoI can
improve confirmation despite the inherent uncertainty on CoI’s opposite
effects, and irrespective of the quality of a study, and that (B) it is generally
false that CoI has a smaller confirmatory weight than quality, and thus it
is unjustified to preferentially neglect CoI over quality.

5.1. Variables and dependencies
For simplicity, all of the variables in the model are binary (Figure 2). The
hypothesis of interest depends on many sources of evidence. The first ob-
vious difference between these sources is that some are direct relative to
the hypothesis,H , and others are indirect, by which we mean that the for-
mer are graphically adjacent to H , and the latter influence H via other
nodes. In particular, direct evidence for H are reported effects, E. Indi-
rect evidence forH are financial conflict of interestC , industry fundingF ,



109 Conflict of Interest and the Principle of Total Evidence

H C

F

E

Q

S

H =

{
h : Clinically significant benefit.
h̄ : No clinically significant benefit.

C =

{
c : Financial conflict of interest.
c̄ : No financial conflict of interest.

F =

{
p : Reported industry funding.
p̄ : No reported industry funding.

Q =

{
q : High study quality.
q̄ : Low study quality.

S =

{
s : High quality score.
s̄ : Low quality score.

E =

{
e : Evidence of significant benefit.
ē : No evidence of significant benefit.

Figure 2

study qualityQ, and quality scores S, because all of them influenceH via
E. This aligns with modelling the reliability node, C , by a collider struc-
ture, H −→ E ←− C , where E connects H and C , contrary to Fuller’s
suggestion thatH is a descendant of C—which he labels E′—and that E
mediates C ’s influence but fails to screen it off fromH .

A second difference between the sources of evidence is that they are
modelled differently: some aremodelled asnodes (cf. [1, chapter 4]), whose
values are either directly observed, such as the reported effects E, or in-
formed by proxies. For instance, one may use information in the indi-
vidual studies, scored by quality assessment tools [28, chapter 7], S, as a
proxy for study validity, or quality, Q. And one may use funding reports
F as a proxy for CoI [20], C , indicating whether CoI is in fact present or
absent. By contrast, other sources of evidence are conceptualized as pa-
rameters. Crucially, some such parameters, for instance the likelihood of
bias induced by CoI, are constrained by evidence of meta-epidemiological
data from appropriate reference classes of studies where as much informa-
tion as possible is available on factors to which the likelihoods are sensitive
(e.g., truth of the hypothesis, quality of the study).

Now we’re in a position to better characterize the distinction between
first and higher-order evidence forH . First-order evidence forH are facts
discovered by observation, viz. E,F, S. Higher-order evidence forH are
constraints inferred from meta-research (e.g., meta-regression), such as
the (ceteris paribus) residual influence of CoI on the evidence. For in-
stance, S is first-order evidence for H because quality scores aggregate
observable characteristics of quality. All criteria in each quality tool are
testable on individual studies independently. By contrast, the robust de-
pendence of the evidence on CoI is higher-order evidence forH because
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it denotes a biasing influence of CoI on the evidence via characteristics,
such as ghostwriting, fraud, etc., which are unobservable at the individual
level, and thus to which the scores are insensitive [18], and are only testable
at the population level. Note that the distinction between first- and higher-
order evidence is orthogonal to that between direct and indirect evidence.
For instance, C is indirect evidence for H but need not be higher-order
wrtH .

In this respect, evidence of the residual influence of CoI is analogous
to evidence of biases, which may only be assessed at the population level.
One example is publication bias [4], namely the overestimation of the ef-
fect size due to the fact that insignificant results are less likely to be pub-
lished or even submitted for publication. The bias becomes visible by the
use of so-called funnel plots, which represent the estimates of multiple
studies against their size. Without bias, one should expect a symmetric
distribution, with estimates of larger studies (with higher precision) being
near the average and estimates of smaller studies (with lower precision)
being spread evenly on both sides of the distribution. The bias induces
an uneven distribution of the estimates of small studies, such that there
are more observations on the right side than on the left side. Publication
bias, thus, is detectable only at the level of populations of studies.4 In what
sense, then, is CoI analogous to publication bias, and in what sense is it
different?

Unlike publication bias, CoI is not a bias. Rather, it is a possible cause
of biases, some of which are detectable at the individual level and some
at the population level. Like evidence of publication bias, however, ev-
idence of CoI is a population-level property, something over and above
evidence that may be gathered by looking at individual studies. These fea-
tures of CoI are directly reflected in our model. In it, CoI is not a bias but
a “cause” of biases, which may both promote and hamper confirmation.
This is rendered in themodel by havingC influenceE along twopaths, one
where it promotes quality by preventing biases detectable at the individ-
ual level, and one where it promotes biases undetectable at the individual
level—although they may be detectable at the population level, if suitable
proxies are available.5 Therefore, in our model, evidence subject to CoI
may or may not need discounting, depending on higher-order evidence of

4 One way to correct for the bias is to re-estimate the effect size not based on the actual, unevenly
distributed population, but on the counterfactual, evenly distributed one, to which the (putatively)
missing studies have been added.
5 For simplicity, our model leaves implicit the latter kind of biases as well as any proxy of them. If one
were to explicitly model those nodes, they would be graphically analogous to Q and S, only located
on, or departing from, the direct edge C −→ E.
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the strength of CoI on either path, and on first-order evidence, if any, on
whether CoI generates biases along the two paths.

5.2. Probabilistic constraints
The following constraints, and all of our below results, are relative to the
case of Bayesian confirmation of a hypothesis by the evidence from a single
study—possibly subject to CoI—in the absence of further evidence. Some
of the constraints are quantitative, some are qualitative. Among the for-
mer, some are directly informed bymeta-research evidence. In the conclu-
sion, we will briefly touch on the issues arising in the case of confirmation
by evidence from multiple studies.

P (h) ∈ [0.001, 0.01] (5.1)
P (c) ∈ [0.7, 1] (5.2)

P (f |c) = 0.9 P (f |c̄) = 0.1 (5.3)
P (q|c) = [0.5, 0.9] P (q|c̄) = 0.5 (5.4)
P (s|q) = 0.9 P (s|q̄) ∈ [0.3, 0.7] (5.5)

P (e|c)/P (e|c̄) ∈ [1.3, 4] (5.6)
P (e|h) > P (e|h̄) (5.7)

1 ≥ P (e|hqc) > P (e|hq̄c) P (e|hqc̄) > P (e|hq̄c̄) (5.8)
P (e|h̄qc) < P (e|h̄q̄c) 0 ≤ P (e|h̄qc̄) < P (e|h̄q̄c̄) (5.9)

0 ≤ P (e|h̄qc̄)<P (e|h̄qc) P (e|h̄q̄c̄)<P (e|h̄q̄c) (5.10)
P (e|hqc̄) < P (e|hqc) ≤ 1 P (e|hq̄c̄) < P (e|hq̄c) (5.11)

Let us examine the above constraints one by one, starting with the quan-
titative constraints (5.1) to (5.6). (5.1) says that the prior of a (novel) hy-
pothesis being true is low. We assume that major discoveries of treatments
with huge benefits have been made already (penicillin, etc.) and still-to-
be-made discoveries are fewer and their effect sizes are smaller. Whereas
critics such as Ioannidis and Stegenga will be more conservative on the
prior of novel findings on clinically relevant benefits (say, 1/1000), the
pharmaceutical industry will arguably be less conservative (say, 1/100).
(5.2) says the probability of CoI in the overall population of studies is over
70%. This number is suggested by Roseman et al. [24], after a count of
the declarations of CoI in studies included in meta-analyses. This figure,
in turn, is arguably representative of the percentage of studies subject to
CoI in the overall population of studies, whether or not they are included
in meta-analyses. (5.3) says that financial CoI is very likely to induce an
industry funding report, and its absence is unlikely to induce an industry
funding report. Notice that, although funding can come from both no-
profit and for-profit organizations, also at the same time [17, 3], for-profit
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organizations have arguably more money to invest and more incentive to
invest in studies where they can skew the result in their favour. As such,
industry funding reports are strong evidence of financial CoI, even in the
presence of public funding. (5.4) reflects that quality is often considered
higher (between 30% to 40% higher) in industry-sponsored studies, and
sometimes considered the same as in publicly funded studies [19, 10]. It
is seldom considered inferior [15, 21]. These assessments depend on the
quality measure chosen to test for differences, the field of studies consid-
ered in the test, etc. By contrast, we assume that there is no distinctive
quality expectation if the study is publicly funded. The (scant) research
on the topic suggests that publicly funded studies tend to, if anything, be
at a higher risk of bias [9]. (5.5) says that the likelihood of a high score—
by whatever quality measure—given high quality is arguably large, but the
likelihood of a high score given low quality tends to be sensitive to the cho-
sen measure, given that each measure is unable to spot at least some in-
ternal validity problem, and some measures are worse than others, at least
according to Stegenga [28]. It is difficult to extract intervals—let alone re-
liable ones—from Stegenga’s sources, viz. [10] and [16]. For the sake of
illustration, we pick [0.3, 0.7] as our chosen interval, but nothing in our
results hinges on this choice. Finally, the crucial quantitative piece of in-
formation for our subsequent argument is given by (5.6), which says that
CoI is expected to render favourable results from 1.3 times to 4 timesmore
likely, depending on the survey [19, 20]. A likelihood ratio larger than
1 was verified to be robust to controls for design features and statistical
power, among other characteristics [7, 17].

Next follow a number of qualitative constraints. (5.7) says that (ceteris
paribus) the truth of the hypothesis makes positive evidence emore likely.
(5.8) and (5.9) say that (ceteris paribus) lowering the quality of the study
design makes the study worse at tracking the truth. If h̄ is the case, then
a low quality study will make e more likely than a higher quality one. If
h is the case, then a low quality study will make e less likely than a higher
quality one. (5.10) and (5.11) say that (ceteris paribus) CoI makes emore
likely. Note that combining (5.8) and (5.11) gives

1 = P (e|hqc) > P (e|hq̄c), P (e|hqc̄) > P (e|hq̄c̄). (5.12)

That is, when h is the case, CoI and high quality raise the probability of e.
Moreover, combining (5.9) and (5.10) gives

0 = P (e|h̄qc̄) < P (e|h̄qc), P (e|h̄q̄c̄) < P (e|h̄q̄c). (5.13)
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That is, when h̄ is the case, CoI and low quality raise the probability of e. By
inspecting (5.12) and (5.13), one may see that (5.8) to (5.11) entail that c
raises the probability of e, no matter the values ofH andQ. In particular,
CoI increases the probability of e both if H is true—because CoI raises
quality, which makes it more likely to get evidence confirming h—and if
H is false—because CoI decreases the probability of ē, which makes it less
likely to get evidence disconfirming h. In sum, CoI has both a positive and
a negative influence on truth-tracking. Which of the two prevails depends
on the strengths of its effects on e and q.

5.3. Meta-research and the dual role of conflict of interest

Even if it is accepted by a rational agent who endorses (5.8) to (5.11) that
CoI has both a positive and a negative influence on truth-tracking, nei-
ther those qualitative constraints alone, nor the addition of the quantita-
tive ones in (5.1) to (5.5)—but, crucially, not (5.6)—would force them to
conclude that C has a significant biasing influence on E, which in turn
translates into a non-negligible parameter of the influence along the direct
edge C −→ E. In fact, while (5.10) and (5.11) maintain that C is (ce-
teris paribus) relevant to E, they are consistent with this influence being
extremely small given Q, to the point that the existence of a direct edge
C −→ E may be neglected without detriment.

Now, let us consider adding (5.6) to one’s total evidence. To begin with,
note that the ratio in (5.6) may be unpacked as follows:

P (e|c)
P (e|c̄)

=
P (ec) · P (c̄)

P (ec̄) · P (c)
=

P (c̄)

P (c)
·
P (hecq) + P (hecq̄) + P (h̄ecq) + P (h̄ecq̄)

P (hec̄q) + P (hec̄q̄) + P (h̄ec̄q) + P (h̄ec̄q̄)

=
P (e|hcq)·P (h)·P (q|c)+P (e|hcq̄)·P (h) · P (q̄|c)+P (e|h̄cq)·P (h̄)·P (q|c)+P (e|h̄cq̄)·P (h̄)·P (q̄|c)
P (e|hc̄q)·P (h)·P (q|c̄)+P (e|hc̄q̄)·P (h)·P (q̄|c̄)+P (e|h̄c̄q)·P (h̄)·P (q|c̄)+P (e|h̄c̄q̄)·P (h̄)·P (q̄|c̄)

Given thatP (h) is by assumption very small (5.1), that the first two terms
in numerator and denominator are negligible, and that P (h̄) in the other
terms can be factored out and simplified, the expression approximates to

P (e|c)
P (e|c̄)

≈
P (e|h̄cq) · P (q|c) + P (e|h̄cq̄) · P (q̄|c)
P (e|h̄c̄q) · P (q|c̄) + P (e|h̄c̄q̄) · P (q̄|c̄)

=
P (e|h̄cq) · P (q|c)+P (e|h̄cq̄) · P (q̄|c)

[P (e|h̄c̄q)+P (e|h̄c̄q̄)]/2
.

A conservative yet rational agent, who believes thatC is almost irrelevant
to E given Q, will judge the terms P (e|h̄cq)

P (e|h̄c̄q) and P (e|h̄cq̄)
P (e|h̄c̄q̄) close to 1, such
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that the ratio will ultimately be driven by P (q|c) and P (q|c̄). In that case,
P (e|c)
P (e|c̄)

≈ P (e|h̄cq) · P (q|c) + P (e|h̄cq̄) · P (q̄|c)
[P (e|h̄c̄q) + P (e|h̄c̄q̄)]/2

=
P (e|h̄cq)

2 + P (e|h̄cq̄) · P (q̄|c)
[P (e|h̄c̄q) + P (e|h̄c̄q̄)]/2

+
(0.9− P (c|q)) · P (e|h̄cq)
[P (e|h̄c̄q) + P (e|h̄c̄q̄)]/2

≤ [P (e|h̄cq) + P (e|h̄cq̄)]/2
[P (e|h̄c̄q) + P (e|h̄c̄q̄)]/2

+
0.4 · P (e|h̄cq)

[P (e|h̄c̄q) + P (e|h̄c̄q̄)]/2

≤ 1 + 0.8 · P (e|h̄cq)
P (e|h̄c̄q) + P (e|h̄c̄q̄)

< 1 + 0.8 · P (e|h̄cq)
P (e|h̄c̄q)

= 1.8.

That is, a rational agent, who is also a strong supporter of the confirmatory
value ofC via its positive effect onQ will assign values, which in the most
favourable case, P (q|c) = 0.9, return an upper bound for interval of the
likelihood ratio equal to 1.8.

At the same time, coherence requires avoiding probability assignments
violating (5.6), once the latter piece of evidence becomes known. A ra-
tional agent will thus have to accommodate their beliefs in light of (5.6)
to ensure that the range of possible values of the ratio P (e|c)

P (e|c̄) contains the
interval [1.3, 4]. The only probabilities, which have not yet been pinned
down, are those of E conditional on its parents H,Q,C . Since P (h) be-
ing very small makes almost irrelevant probabilities of e conditional on h,
P (e|h...), the most plausible way for a rational agent to adjust their beliefs
is to increase the value of either the ratio P (e|h̄cq)/P (e|h̄c̄q), or the ratio
P (e|h̄cq̄)/P (e|h̄c̄q̄), or both. This boils down to acknowledging that C
has a relevant effect on the study’s outcome e, conditional on its qualityQ.
In other words, the principle of total evidence dictates that a conservative
yet rational agent assign to CoI a non-redundant role for confirmation,
given quality.

5.4. Conflict of interest and Bayesian confirmation
Let us now come to the illustration of how the model supports our main
claims, starting with (A): it is unjustified to generally neglect CoI despite
its ambiguity, because CoI can make a difference —whether positive or
negative— to the confirmation of the hypothesis.
Theorem 5.1 (Confirmation by CoI-laden study). A CoI-laden study is
confirmatory if the relevant Bayes factor> 1:

sign(P (h|ec)−P (h))= sign

(
P (e|hcq) · P (q|c) + P (e|hcq̄) · P (q̄|c)
P (e|h̄cq) · P (q|c) + P (e|h̄cq̄) · P (q̄|c)

− 1

)
.

Theorem 5.1 says that CoI-laden studies may (dis)confirm. This supports
the view that such studies should not be ignored but suitably discounted.
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Theorem 5.2 (Confirmation by CoI-laden study, irrespective of qual-
ity). A CoI-laden study is more confirmatory for H = h iff P (h|ec) <
P (h|e):

sign(P (h|ec)− P (h|ec̄)) = sign(P (h|ec)− P (h|e)) = sign

(
P (e|hc)
P (e|h̄c)

−
P (e|hc̄)
P (e|h̄c̄)

)

= sign

(
P (e|hcq) · P (q|c)+P (e|hcq̄) · P (q̄|c)
P (e|h̄cq) · P (q|c)+P (e|h̄cq̄) · P (q̄|c)

−
P (e|hc̄q) · P (q|c̄)+P (e|hc̄q̄) · P (q̄|c̄)
P (e|h̄c̄q) · P (q|c̄)+P (e|h̄c̄q̄)·P (q̄|c̄)

)
.

In particular, Theorem 5.2 entails that CoI can not only decrease but also
increase confirmation, namely if c is a good predictor ofH = h, that is, if
cmakes emuch more likely given h, and only slightly more likely given h̄.

Next, let us turn to prove (B): it is unjustified to generally (or necessarily,
or a priorily) neglect CoI vis-à-vis quality.

Theorem 5.3 (Confirmation by low-quality & no-CoI vs CoI & high-
quality).

sign(P (h|ec̄q̄)− P (h|ecq)) = sign
(
P (e|hc̄q̄)
P (e|h̄c̄q̄)

− P (e|hcq)
P (e|h̄cq)

)
= sign

(
P (e|h̄cq)
P (e|h̄c̄q̄)

− P (e|hcq)
P (e|hc̄q̄)

)
.

Theorem 5.3 shows that neither CoI given high quality nor quality given
absence of CoI is generally less relevant to confirmation. Thus, one cannot
conclude that it is more justifiable to neglect one at the expenses of the
other on the assumption that this would result in a smaller violation of
the principle of total evidence. Loosely speaking, whether an industry-
sponsored randomized study is more confirmatory than an independent
non-randomized study depends on concrete circumstances.

Theorem 5.4 (Confirmation by low-quality vs CoI).

sign(P (h|eq̄)− P (h|ec)

= sign
((

P (e|hcq̄)
P (e|h̄cq̄)

−
P (e|hcq)
P (e|h̄cq)

)
P (e|h̄cq̄)P (e|h̄cq)P (c)2 P (q|c)P (q̄|c)

+

(
P (e|hc̄q̄)
P (e|h̄c̄q̄)

−
P (e|hcq)
P (e|h̄cq)

)
P (e|h̄c̄q̄)P (e|h̄cq)P (c)P (c̄)P (q|c)P (q̄|c̄)

+

(
P (e|hc̄q̄)
P (e|h̄c̄q̄)

−
P (e|hcq̄)
P (e|h̄cq̄)

)
P (e|h̄c̄q̄)P (e|h̄cq̄)P (c)P (c̄)P (q̄|c)P (q̄|c̄)

)
.

Theorem 5.4 considers the relative confirmatory strength of low-quality
studies vs CoI-laden studies. It shows that the comparison between the
two is not straightforward, as it is sensitive to a large number of parame-
ters. From this, it follows that is not a priori justified to exclude from con-
sideration either ones between low-quality studies and CoI-laden studies.
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Of course, to disentangle CoI’s truth-tracking contribution, namely the
one via Q, from the “truth-diverting” contribution, namely the one that
introduces biases via E directly, one needs (plausible) numerical assign-
ments for all of the probabilities above. If one can precisely assign such
values, one can use the theorem to verify which contribution prevails, by
looking at the sign of (P (h|eq)−P (h))−(P (h|ec)−P (h)) = P (h|eq)−
P (h|ec). If we employ a notion of rationality where imprecise probabili-
ties are allowed, however, there is no guarantee that the sign is conclusively
decidable. If meta-research does not provide sufficient information to pin
down all probabilities, the model may fail to eliminate the uncertainty on
whether there is confirmation or not.

At the same time, note that an ideal Bayesian agent assigns exact val-
ues to all of the probabilities in the above theorem, which makes it in
principle possible to use our model to definitely determine whether CoI
confirms or disconfirms on any given occasion. Moreover, even if—more
realistically—meta-research does not justify precise assignments, it may
still suffice to constrain the probabilities to intervals, which are narrow
enough, such that the value of that difference does not span both positive
and negative values, and the only uncertainty left concerns the amount of
confirmation but not its sign. In this sense, the model should be viewed as
a roadmap, which allows (non-ideal) agents to collect as much informa-
tion as needed for the model to return acceptable answers, given the level
of accuracy required by the problem at hand.

6. Conclusion
Existing literature on Bayesian confirmation supports the view that less-
than-ideal evidence—from, say, medical studies—provides confirmatory
benefits if a reliability-based discount is introduced to account for the like-
lihood of the evidence being produced not only by the truth of the hypoth-
esis but also by underlying biases. This is in line with the principle of total
evidence, which recommends that one takes into account all available ev-
idence when determining probabilities.

At the same time, it has been noted that medical studies are subject
not only to biases but also to conflicts of interest. It is unclear, however,
whether evidence obtained from studies subject to a conflict of interest,
too, should be discounted, given that conflict of interest has an ambigu-
ous role. On the one hand, in fact, it promotes larger studies with bet-
ter designs, which improves their accuracy by making certain biases less
likely. On the other hand, it introduces subtle and difficult-to-detect bi-
ases, which may tend to skew the results, by for instance overestimating
effect sizes. Without a concrete model, however, it is difficult to assess the
bearing of conflict of interest on the hypothesis under scrutiny, and more
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generally, the benefit of complying with the principle of total evidence by
taking evidence of conflict of interest into account.

Thispaper has addressed the issue by providing aBayesianmodel, which
disambiguates the dual role of conflict of interest as a promoter of bias
and of quality along distinct paths, and interprets its influences along the
two paths as higher-order constraints obtained from meta-research. The
analysis of the model shows that information on conflict of interest can
benefit confirmation. More precisely, it is unjustified to neglect conflict
of interest, whether or not information on quality is available, or to prefer
the neglect of conflict of interest vis-à-vis quality. Together, these results
vindicate the endorsement of the principle of total evidence in the presence
of conflict of interest.

Two important issues have not been addressed here. First, our model
only considers Bayesian updates by a single study. It can be extended to
updates by evidence from multiple studies. In that case, however, the
choice of the model will depend on the source(s) of conflict of interest
behind the studies, more precisely on whether each study is subject to a
different conflict of interest, or all studies are subject to the same conflict
of interest or, more realistically, on where the studies are located on an in-
terval between these two extremes. The set up and the analysis of this ex-
tended model raises technical issues, which cannot be reviewed here (the
interested reader is referred to [3]).

Second, our model uses binary variables. Only considering the signifi-
cance of a result is, of course, a gross simplification. Public health decisions
depend on numerical estimates of the effect size. The impact of conflict of
interest on the veracity of a study depends crucially on the observed effect
size. Among significant studies subject to conflict of interest, some may
show a larger effect than others, and this is certainly relevant to the bearing
of the study on the estimate, and to how the estimate should be revised in
light of the evidence. For a Bayesian model to inform such estimates, one
must specify how a continuous prior of an effect size (characterized by, say,
a given mean and variance) should be updated given the evidence (an em-
pirical distribution with another mean and variance) under the assumed
constraints. To this end, however, analytic results are not sufficient and
one must resort to numerical simulations (see, e.g., [30] and [29]). Such
simulations, in turn, could be instrumental to revising estimates by not
only single studies but also collections of such studies, as is typical done
by meta-analyses.

Jointly, thesetwoissuesmotivate a study of how to devise ameta-analytic
revision of the effect size (in the presence of conflicts of interest) in a
Bayesian framework. We leave this study to future research.
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Proofs
Proof ofTheorem 5.1 (Confirmation by CoI-laden study).

sign(P (h|ec)− P (h)) = sign(P (hec)− P (h) · P (ec))
= sign(P (hec)− P (h) · [P (hec) + P (h̄ec)])

= sign(P (h̄) · P (hec)− P (h) · P (h̄ec)])

= sign
(P (hecq) + P (hecq̄)

P (h̄ecq) + P (h̄ecq̄)
− P (h)

P (h̄)

)
= sign

(P (e|hcq) · P (cq) + P (e|hcq̄) · P (cq̄)
P (e|h̄cq) · P (cq) + P (e|h̄cq̄) · P (cq̄)

− 1
)

= sign
(P (e|hcq) · P (q|c) + P (e|hcq̄) · P (q̄|c)
P (e|h̄cq) · P (q|c) + P (e|h̄cq̄) · P (q̄|c)

− 1
)
.

Proof ofTheorem 5.2 (Confirmation by CoI-laden study, irrespective
of quality).

sign(P (h|ec̄)− P (h|ec)) = sign([P (hec̄) · P (h̄ec)]− [P (hec) · P (h̄ec̄)])

= sign([(P (hec̄q) + P (hec̄q̄)) · (P (h̄ecq) + P (h̄ecq̄))]

− [(P (hecq) + P (hecq̄)) · (P (h̄ec̄q) + P (h̄ec̄q̄))])

= sign([P (h) · (P (e|hc̄q) · P (c̄q) + P (e|hc̄q̄) · P (c̄q̄)) · P (h̄) · (P (e|h̄cq) · P (cq)

+ P (e|h̄cq̄) · P (cq̄))]

− [P (h) · (P (e|hcq) · P (cq) + P (e|hcq̄) · P (cq̄)) · P (h̄) · (P (e|h̄c̄q) · P (c̄q)

+ P (e|h̄c̄q̄) · P (c̄q̄))])

= sign([(P (e|hc̄q)·P (q|c̄)+P (e|hc̄q̄)·P (q̄|c̄))·(P (e|h̄cq)·P (q|c)+P (e|h̄cq̄)·P (q̄|c))]
− [(P (e|hcq) · P (q|c)+P (e|hcq̄)·P (q̄|c))·(P (e|h̄c̄q)·P (q|c̄)+P (e|h̄c̄q̄)·P (q̄|c̄))])

= sign
(
P (e|hc̄q) · P (q|c̄) + P (e|hc̄q̄) · P (q̄|c̄)
P (e|h̄c̄q) · P (q|c̄) + P (e|h̄c̄q̄) · P (q̄|c̄)

−
P (e|hcq) · P (q|c) + P (e|hcq̄) · P (q̄|c)
P (e|h̄cq) · P (q|c) + P (e|h̄cq̄) · P (q̄|c)

)
.

□
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Proof ofTheorem 5.3 (Confirmation by low-quality & no-CoI vs CoI &
high-quality)

sign(P (h|ec̄q̄)− P (h|ecq)) = sign(P (hec̄q̄) · P (ecq)− P (hec̄q̄) · P (ec̄q̄))

= sign(P (hec̄q̄) · [P (hecq) + P (h̄ecq)]− P (hecq) · [P (hec̄q̄) + P (h̄ec̄q̄)])

= sign(P (hec̄q̄) · P (h̄ecq)− P (hecq) · P (h̄ec̄q̄))

= sign(P (h) · P (h̄) · P (cq) · P (c̄q̄) · [P (e|hc̄q̄) · P (e|h̄cq)− P (e|hcq) · P (e|h̄c̄q̄)])
= sign(P (e|hc̄q̄) · P (e|h̄cq)− P (e|hcq) · P (e|h̄c̄q̄))

= sign
(
P (e|hc̄q̄)
P (e|h̄c̄q̄)

−
P (e|hcq)
P (e|h̄cq)

)
. □

Proof ofTheorem 5.4 (Confirmation by low-quality vs CoI).

sign(P (h|eq̄)− P (h|ec)) = sign(P (heq̄) · [P (hecq) + P (hecq̄) + P (h̄ecq) + P (h̄ecq̄)]

− P (hec) · [P (hecq̄) + P (hec̄q̄) + P (h̄ecq̄) + P (h̄ec̄q̄)])

= sign([P (hecq̄) + P (hec̄q̄)] · [P (hecq) + P (hecq̄) + P (h̄ecq) + P (h̄ecq̄)]

− [P (hecq) + P (hecq̄)] · [P (hecq̄) + P (hec̄q̄) + P (h̄ecq̄) + P (h̄ec̄q̄)])

= sign(P (hecq̄) · P (h̄ecq) + P (hec̄q̄) · P (h̄ecq) + P (hec̄q̄) · P (h̄ecq̄)

− [P (hecq) · P (h̄ecq̄) + P (hecq) · P (h̄ec̄q̄) + P (hecq̄) · P (h̄ec̄q̄)])

= sign([P (e|hcq̄) · P (e|h̄cq)− P (e|hcq) · P (e|h̄cq̄)] · P (h) · P (h̄) · P (cq̄) · P (cq)

+ [P (e|hc̄q̄) · P (e|h̄cq)− P (e|hcq) · P (e|h̄c̄q̄)] · P (h) · P (h̄) · P (c̄q̄) · P (cq)

+ [P (e|hc̄q̄) · P (e|h̄cq̄)− P (e|hcq̄) · P (e|h̄c̄q̄)] · P (h) · P (h̄) · P (c̄q̄) · P (cq̄))

= sign
((

P (e|hcq̄)
P (e|h̄cq̄)

−
P (e|hcq)
P (e|h̄cq)

)
· P (e|h̄cq̄) · P (e|h̄cq) · P (cq̄) · P (cq)

+

(
P (e|hc̄q̄)
P (e|h̄c̄q̄)

−
P (e|hcq)
P (e|h̄cq)

)
· P (e|h̄c̄q̄) · P (e|h̄cq) · P (c̄q̄) · P (cq)

+

(
P (e|hc̄q̄)
P (e|h̄c̄q̄)

−
P (e|hcq̄)
P (e|h̄cq̄)

)
· P (e|h̄c̄q̄) · P (e|h̄cq̄) · P (c̄q̄) · P (cq̄)

)
= sign

((
P (e|hcq̄)
P (e|h̄cq̄)

−
P (e|hcq)
P (e|h̄cq)

)
·
P (eh̄cq̄)

P (h̄cq̄)
·
P (eh̄cq)

P (h̄cq)
· P (cq̄) · P (cq)

+

(
P (e|hc̄q̄)
P (e|h̄c̄q̄)

−
P (e|hcq)
P (e|h̄cq)

)
·
P (eh̄c̄q̄)

P (h̄c̄q̄)
·
P (eh̄cq)

P (h̄cq)
· P (c̄q̄) · P (cq)

+

(
P (e|hc̄q̄)
P (e|h̄c̄q̄)

−
P (e|hcq̄)
P (e|h̄cq̄)

)
·
P (eh̄c̄q̄)

P (h̄c̄q̄)
·
P (eh̄cq̄)

P (h̄cq̄)
· P (c̄q̄) · P (cq̄)

)
= sign

((
P (e|hcq̄)
P (e|h̄cq̄)

−
P (e|hcq)
P (e|h̄cq)

)
· P (e|h̄cq̄) · P (e|h̄cq) · P (cq̄) · P (cq)

+

(
P (e|hc̄q̄)
P (e|h̄c̄q̄)

−
P (e|hcq)
P (e|h̄cq)

)
· P (e|h̄c̄q̄) · P (e|h̄cq) · P (c̄q̄) · P (cq)

+

(
P (e|hc̄q̄)
P (e|h̄c̄q̄)

−
P (e|hcq̄)
P (e|h̄cq̄)

)
· P (e|h̄c̄q̄) · P (e|h̄cq̄) · P (c̄q̄) · P (cq̄)

)
.
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Exploring intersubjective
Attitudes Towards Conditionals

1. Introduction

In this paper, I lay the groundwork for the investigation of intersubjective
attitudes and epistemic positions towards conditionals. The aim of this
work is to understand what intersubjective attitudes two individuals can
have towards conditional statements, in order to set the table for future
studies and developments of a formal framework for conditionals that can
account for these attitudes. The term ‘attitude’ is used in epistemology to
denote the possible epistemic relation a person can have with a proposi-
tion, i.e., believe it, disbelieve it or suspend judgement – I consider only
these three main doxastic attitudes here. Hence, I follow this usage of the
term ‘attitude’ and extend it to a social context, where more than one per-
son is involved. Given the preparatory nature of this investigation, my
focus is on the interaction between only two individuals.

By ‘intersubjective attitudes’ I mean the relation two individuals can
have towards the same conditional. Two individuals can agree about a
conditional (namely, they both believe the same conditional), disagree
(they believe two conditionals with the same antecedent but contradic-
tory consequents), or suspend their judgement on it. I here distinguish
between strong disagreement, namely when an agent explicitly contradicts
what another agent has said;andweakdisagreement, i.e., suspended judge-
ment, where an agent does not directly contradict another agent’s utter-
ance or belief, but suspends judgement about it.

As in the literature on disagreement, I here use ‘epistemic position’ to
characterise how much the speakers are informed about the topic con-
sidered. The possible epistemic positions are superior/inferior, where one
speaker is more informed than the other, or peers, where the speakers are
equally informed.

In this paper, I consider conditionals of all types, and treat them all alike,
independently of the truth values of their antecedents and consequents,
or the mood of the verbs involved – both criteria are currently used in
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the classification of conditionals. To try to explain the intersubjective atti-
tudes, it is necessary to introduce and analyse the epistemic positions the
speakers might have when considering conditionals.

The paper follows this structure: Section 2 introduces the account of
conditionals to be used throughout this work. Section 3 explores three
main intersubjective attitudes: agreement, disagreement, and weak dis-
agreement or suspended judgement. Through the examination of an ex-
ample and the application of the account of conditionals introduced in
§2, I elucidate the intersubjective attitudes and the related epistemic posi-
tions that the agents involvedmay have. Section 4 serves as the conclusion,
summarising the key findings of the analysis and suggesting potential di-
rections for future research.

2. Intersubjective attitudes
Theexpression ‘intersubjective attitudes’ denotes the possible attitudes two
or more individuals can have with respect to a proposition, statement or
topic – let us say towards Ψ. The term is here introduced and is not wide-
spread in epistemology. However, it is inspired by the use of the term ‘atti-
tude’ in epistemology, to refer to the possible epistemic relation a singular
individual can have towards Ψ. The individual can believe Ψ, disbelieve
it, she can be certain of it, suspend judgement, etc. I transpose the term
‘attitude’ from standard epistemology to social contexts.

Despite the great interest in the epistemic relations that two or more
agents can have towards Ψ, like agreeing or disagreeing about it, there is
not, to my knowledge, a specific term to refer to these relations. However,
such relations, like that of two people agreeing on Ψ, presuppose that, at
least, the two agents involved believeΨ. Namely, in agreeing onΨ, the two
agents have, individually, a singular attitude towards Ψ. For this reason,
‘attitude’ seems a legitimate term also in this context.

In social epistemology, we find expressions like ‘collective knowledge’,
‘collective attitude’, ‘collective intentionality’, etc. However, ‘collective’ is
used in the literature to ascribe to a group of people doxastic or bouletic
attitudes, decisions, etc. as if the group were an individual (e.g. see [11,
17]) – hence, no disagreement among the members of the group.1 The
term is not used to refer to the doxastic relations that two or more people
can have towards a proposition, a topic, etc. with respect to each other.
For this reason, ‘collective’ is not suitable for the purposes of the present
investigation.

1 To be more precise, there could be disagreement among members of the group, but that it not the
object of study of those interested in collective attitudes. In collective attitudes, the possible disagree-
ment has been already overcome, so the the group acts, in a broad sense, as an individual.



125 Exploring intersubjective Attitudes Towards Conditionals

There is no such standardised usage for the term ‘intersubjective’ in the
literature. It can be found in [7] in the context of confirmation theory.
There, it is used to refer to the common betting quotient social group ar-
rives at after discussion. Hence, the term is employed in a similar way as
‘collective’ is in social epistemology. However, unlike for ‘collective’, this
meaning of ‘intersubjective’ is not settled by the scholarly practice. More-
over, it is preferable to others terms, like ‘dialogical’ or ‘mutual’. Unlike ‘di-
alogical’, ‘intersubjective’ does not so strongly connote openness towards
the other(s). ‘Mutual’, on the other hand, is used, in current epistemol-
ogy, to characterise knowledge that is shared by several agents. Unlike
‘common knowledge’, mutual knowledge does not necessarily imply that
each agent knows about other agents’ knowledge (cf. [19] and [16]). But
this seems a crucial feature of attitudes like agreement and disagreement:
in order to agree (or disagree) each agent knows the other agent’s belief
concerning the matter under consideration. It is clear that if other peo-
ple’s beliefs on a given topic are not (made) explicit, it is not possible to
establish whether we agree or disagree on that topic – at least, this is the
standard approach in works on disagreement (for an overview, see [6]).2
In this sense, intersubjective attitudes can be said to be ‘reciprocal’: agree-
ment (or disagreement) between two agents can occur only if each of them
agrees (or disagrees) with the other – it is not possible that one agrees with
a person, while that person does not reciprocate.

In what follows, I focus on three main intersubjective attitudes that two
individuals can have towards Ψ, where Ψ is a conditional, i.e. P → Q.
To carry out the analysis of these attitudes, I rely on current work on dis-
agreement. In particular, I analyse intersubjective attitudes according to
the epistemic positions each of the agents involved has, namely how they
are positioned with respect to the proposition or topic they are discussing.
There are several ways in the literature to determine someone’s epistemic
position. For present purposes, I focus on the background information
and knowledge each of the agents has. In order to do so, I use an account
of conditionals that presupposes that implicit information are involved in
the assertion or acceptance of a conditional. I present this view in the next
section.

3. The account of conditionals
Before starting the discussion and analysis of what I have called intersub-
jective attitudes and the related epistemic positions, it is necessary to spend

2 For instance: ‘One fairly common situation that may present opportunities for improvement is that
of discovering that another person’s belief on a given topic differsmarkedly fromone’s own’ [2, pp. 187-
8].
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a few words on the (rather informal, for the moment) account of condi-
tionals I will work with throughout the paper.

For the purposes of this paper, I will rely on an approach to conditionals
inspired by [13], as presented in [18].3 The core idea of this approach is
that conditionals are

(1) enthymematic;
(2) instances of the generalisations and laws that a person believes.4

By (1), I mean that whenever a person utters a conditional, she is implicitly
introducing some background, contextual information that she has, which
she adds to the antecedent of the conditional in order to assert the conse-
quent. Namely, in saying ‘if it rains, then I’ll take the umbrella’ there are
some implicit contextual information that are presupposed, which leads
me (in conjunction with the antecedent of the conditional) to conclude
that I should take the umbrella – trivially, in this case, the information
might be the fact that I am going out. Of course, this type of account of
conditionals is not peculiar of [13], but it was quite common at the be-
ginning of the contemporary discussion on conditionals. For instance,
[1, 8, 14] all propose theories where, in order to evaluate the truth or ac-
ceptability of conditionals, the additional implicit information are to be
made explicit and added to the antecedent of the conditional under eval-
uation.5 More recently, this idea has been taken up and developed into
a proper semantics by [20] and [10], who employ different formal tools.
However, they both agree that a conditional often has implicit proposi-
tions conjoined to the antecedent explicitly stated.6 Following this idea,
here, I formalise, loosely, a conditional as follows – I employ first-order
logic to formalise conditionals and generalisations, although, for the mo-
ment, the technical details are not the primary focus. Assuming that the
uttered conditional is P → Q, its ‘extended’ version, with the implicit in-
formationΨmade explicit, isP∧R→ Q. In this specific case, the implicit

3 This account is developed in [15], with a probabilistic semantics, and in [9], using a possible world
semantics.
4 In this paper I do not distinguish between different types of conditionals, as many current theo-
ries do, since it is not relevant at this stage of investigation. In the literature, conditionals are classi-
fied into indicatives and subjunctives, according to the moods of the verbs involved in the sentences.
Subjunctives are commonly associated with counterfactual conditionals, i.e. conditionals with false
antecedent, as this type of conditionals is frequently expressed using the subjunctive mood.
5 To be more precise, [1] and [8] are concerned solely with counterfactuals, and not with indicative
conditionals.
6 The types of propositions conjoined to the antecedent vary from account to account; that is, they
may include laws and universal statements, as well as singular or particular propositions.
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information Ψ is constituted only by R. For the purposes of this work, I
assume that the set of implicit informationΨ can contain only atomic for-
mulas or conjunctions of atomic formulas, namely Ψ =

∧
n≥1Rn. P , R,

Q, S (as well as all the following capital roman letters in this paper) stand
for sentential variables. I will use lowercase letters like a, b, m, n, to de-
note individual constants, while I will use x, y, z, for individual variables.
Furthermore, in what follows, sentential variable might be indexed with
individual constants, standing for the speaker who is uttering the condi-
tional. For instance, if the speaker is Anna and she says ‘if Maria goes out,
she will get a cold’, the formalisation will be Oa(m) → Ca(m) (where
O(m) is ‘Maria goes out’ and C(m) is ‘Maria gets a cold’).

(2) means that a conditional is uttered by someone because it is an in-
stance of a generalisation that person believes. For the aims of this work,
it is not necessary to make specific assumptions on generalisations – in
particular, it is not necessary to strictly adhere to [13]’s account of gen-
eralisations (see [9] and [18]).7 However, it is important to address two
things. First, such generalisations have conditional form. Namely, a gen-
eralisation like ‘all men are mortal’ is formalised as ∀x(H(x) → M(x))
– assuming thatH stands for ‘being a man’ andM for ‘being mortal’. No
assumption is here made on what type of implication→ is, since it is not
relevant for the current discussion.8 Of course, this applies also when the
conditional is considered in its ‘extended’ version. In this case, the condi-
tional is an instance of a generalisation whose antecedent is compounded
by both the antecedent of the conditional and the implicit assumptions
made by a speaker. The generalisation is formally obtained from a condi-
tional by straightforwardly replacing the individual constant with a vari-
able bounded by the universal quantifier.

Second, these generalisations in [13] are believed by an agent because
they are deemed reliable, specifically due to their proven track record in
the agent’s past experience, leading to true beliefs. [13]’s generalisations
also include statistical laws, namely generalisations ascribing a probability
value to the consequent given the antecedent. In other words, if a law
asserts that ‘For all x, if A(x) thenB(x),’ then a statistical law (or chance,

7 For instance, for present purposes, it is not relevant to assume that generalisations are not proposi-
tions or that they are constituted by a general enunciation and a habit of belief, as done in [13].
8 [13] claims that such generalisations, which range over an infinite domain, are not propositions;
hence, if we want to embrace his view, ‘→’ cannot be interpreted as material implication. This per-
spectivemight help in avoiding the inclusion of such generalisations into the set of implicit contextual
information silently added by a speaker to the antecedent of the conditionals she utters. However, this
commitment is not necessary at this stage.
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in [13]’s terms) asserts that ‘For all x, ifA(x), then there is a probability π
thatB(x)’, where π is a probability value.

Now that the general account of conditionals followed here has been
clarified, let us move on to the topic of the paper.

4. Intersubjective attitudes towards conditionals

As anticipated, I here focus on three attitudes: agreement, disagreement
and suspend judgement. With respect to conditionals, these are the cor-
responding intersubjective attitude: first, two persons can both believe
P → Q, hence agree about it. Second, one person can believeP → Q and
the other disbelieve it, and instead believe P → ¬Q, in which case we say
that they disagree.9 Third, one person can believe P → Q and the other
believe neither P → Q nor P → ¬Q. This third attitude is suspended
judgement. In this case, the intersubjective attitude can be seen as a form
of weak disagreement, in the sense that the second person is not directly
contradicting the other, in contrast with the second case here considered,
which I therefore call strong disagreement.

In current epistemology, the focus is on disagreement, which is trickier
to explain, more relevant in everyday life, and hence overall more inter-
esting. Accordingly, in what follows, I primarily focus on disagreement,
which is also the most interesting intersubjective attitude in relation to
conditionals. Agreement tends to be less intriguing as an intersubjective
attitude, particularly in the context of conditionals, as it essentially boils
down to asserting, accepting, or believing the same conditional. Agree-
ment about a conditional can be explained by appealing to the fact that
the two persons involved in the discussion have the same information and
believe the same generalisation, leading them to assert the same condi-
tional. It could also be that, in real life, the two individuals hold different
background assumptions. Therefore, the analysis of epistemic positions
proposed for disagreement in what follows equally applies to agreement.

4.1. Disagreement

In everyday life, it often happens that, to express our disapproval of an
agent’s decision, we say ‘if you do that, this [the event the agent expects]
will not happen’. Similarly, whenever we believe that an agent should have
acted differently to avoid some undesired result, we say ‘if you had done

9 It might be controversial to say that a conditional is negated by negating its consequent. However, it
is quite widely accepted today (cf. [3]) and it is in line with the account of conditionals here adopted
(cf. [13]).
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things differently, this [whatever event occurred] would not have hap-
pened’. Likewise, in public debates, politicians often criticise the deci-
sionsmade by the rival party/parties, claiming that thingswould have been
different had alternative choices been made. Consider the debates that
arose during the COVID-19 pandemic regarding the necessary contain-
mentmeasures to halt the spread of the contagion. Scientists too often find
themselves in disagreementwhen contemplating counterfactual scenarios.
Imagine this (not-so-) fictional exchange: ‘The infection would not have
stopped if we had not introduced confinement’. In response, another sci-
entist argues: ‘No! If only masks and social distancing were adopted [i.e.,
no confinement], the infectionwould have ended just the same’. Of course,
disagreement would still persist even if conditionals were not counterfac-
tuals but were expressed in the indicative mood.10

In the current literature, the types of disagreement are classified accord-
ing to the agents’ respective epistemic positions. However, to delve into
the different epistemic positions individuals might adopt during disagree-
ments about conditionals, we need to begin with a toy example. The ex-
ample serves two primary purposes: first, to elucidate how individuals can
disagree about conditionals and subsequently attempt an explanation of
this phenomenon; and second, it provides the basis to start the analysis of
potential epistemic positions concerning conditionals.

The situation is as follows: Anna and Bruno are considering whether
Maria should go out in the afternoon. Anna says ‘if Maria goes out, she
will get a cold’. Bruno disagrees, stating: ‘if Maria goes out, she will not
get a cold’. In the evening, Anna learns that Maria, in fact, stayed at home.
During a phone conversation with Bruno that evening, she says: ‘if Maria
had gone out, she would have gotten a cold’. Bruno replies: ‘No, if Maria
had gone out, she wouldn’t have gotten a cold’.11

Now, to grasp the strong disagreement regarding both indicative and
subjunctive conditionals, and to analyse the possible epistemic positions
involved, I rely on the account of conditionals previously introduced.

4.2. Epistemic positions
In the current literature on disagreement, a significant classification in-
volves the possible epistemic positions that individuals involved might

10 Differences related to the classification of conditionals into indicatives and counterfactuals (or sub-
junctives) might be relevant when considering the type of background information that a speaker has
in uttering a conditional, and when choosing the best formal tool needed tomodel and evaluate them.
The exploration of these topics is deferred to future work.
11 This example is inspired by a scenario presented by [13], where two people disagree about the
potential consequences of one of them eating a cake.
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have toward the object of discussion (cf. [4]). There can be several com-
ponents to determine the epistemic position of a person (cf. [5]). Here, I
focus on one main factor, namely the background knowledge of a speaker,
for it is the most immediate element to characterise epistemic positions,
especially towards conditionals, since many theories of conditionals can
account for additional implicit information an agent has (see §3).

A speaker can be in a superior epistemic position when she is more in-
formed than her interlocutor about the topic. In the same situation, her
interlocutor would be in an inferior epistemic position. Being more in-
formed about the topic of discussion in a disagreement concerning con-
ditionals can be seen as the fact that one of the two agents has more con-
textual information than the other. This additional information is often
left implicit — i.e., not explicitly stated — and may be considered as en-
tering into the evaluation of a conditional as conjuncts to the antecedent
that, instead, is uttered. Hence, making this information explicit can help
us understand what is actually happening when two people disagree about
conditionals and, perhaps, sometimes determine who is right and why.12

Apart form superior/inferior, the most interesting epistemic position
considered in the discussion on disagreement is when two individuals are
epistemic peers. Peers are individuals who share a similar level of back-
ground knowledge and are equally informed about the topic. They are on
an equal footing in terms of their knowledge, and hence their disagree-
ments cannot be explained by appealing to their additional information.

Let us start with the analysis of the disagreement between an agent in a
superior epistemic position and an agent in an inferior epistemic position.

4.2.1. Superior and inferior disagreement

Consider again the example. Anna utters the conditional ‘if Maria goes
out, she will get a cold’.13 Using the formalisation previously introduced,
Anna’s conditional is Oa(m)→ Ca(m). In contrast, Bruno says ‘if Maria
goes out, she will not get a cold’, namely Ob(m) → ¬Cb(m). Now, to ex-
plain their disagreement about whether Maria will get a cold if she goes
out, an introduction and reliance on the contextual implicit information
each of them might have becomes necessary. For instance, suppose that
Anna knows that by going out,Maria will have fun, but she also knows that

12 For instance, it can be employed, and often it is, to identify experts. Needless to say, this is, and
will always be, a very idealised scenario with idealised agents, and I am not claiming that it is actually
possible to discover the implicit assumptions people might make in real life.
13 As mentioned, I am not concerned here with the differences between counterfactual and indicative
conditionals; therefore, this analysis applies to both the conditionals Anna utters before and after
Maria’s decision not to go out. The same applies to Bruno’s conditionals.
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Maria suffers from a particular pathology, for which she has a very weak
immune system. Then, the extended conditional, with the implicit infor-
mationmade explicit, isOa(m)∧Fa(m)∧Wa(m)→ Ca(m) –withF (m)
for ‘Maria has fun’ and W (m) for ‘Maria has a weak immune system’.
Bruno, instead, is unaware ofMaria’s pathology and simply thinks that go-
ing out is fun. Then, Bruno’s extended conditional is Ob(m) ∧ Fb(m) →
¬Cb(m). Given this scenario, it is evident that Anna is more informed
than Bruno about Maria’s overall situation. Therefore, in these circum-
stances, Anna is in a superior epistemic position with respect to Bruno
concerning Maria’s condition and decision. Conversely, Bruno is in an
inferior epistemic position compared to Anna, for he has no information
about Maria’s health.

The superior/inferior case is perhaps not very interesting, as it can be
easily explained bymakingexplicit the implicit information assumedwhen
evaluating what will happen or what would have happened. Nonetheless,
there are interesting cases in real life, for instance whenever a person con-
trasts and expert concerning a specific subject matter, like science.

In the following section, I focus on a more intricate scenario: disagree-
ments between two peers.

4.2.2. Peer disagreement

Two epistemic peers with respect to a topic are two agents that are in the
same epistemic position with respect to that topic. As noted by [6], there
are various ways in which two persons can be epistemic peers. For in-
stance, they might both have no clue about the topic under consideration.
However, this possibility is not the one I am here concerned with. Rather,
I focus on rational agents who share the same contextual information.

In theexample, characterisingAnnaandBrunoas epistemic peersmeans
assuming that they share the same additional information about the sit-
uation. More precisely, either they both know that Maria has a specific
pathology, or both are ignorant about it. Consider the former option: both
Anna and Bruno know that Maria has a weak immune system. Nonethe-
less, they still disagree about what will happen if Maria goes out, i.e.
Oa(m)∧Fa(m)∧Wa(m)→ Ca(m) againstOb(m)∧Fb(m)∧Wb(m)→
¬Cb(m). Explaining the disagreement between the two, in this case, seems
more complex.

As [12, p. 332] notes: ‘evidence-sharing, in the sense needed for peer
disagreement, is rare, since this sensemust pinpoint disagreements caused
only by differences in how agents evaluate evidence, not in the evidence
itself.’ To elucidate peer disagreement concerning conditionals, relying
solely on the role of additional implicit assumptions does not suffice, as
two peers must share the same information. Therefore, the disagreement
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must be explained by relying on some other element involved in the ut-
terance of conditionals. Given the account of conditionals endorsed and
outlined in section 3, the disagreement must be connected to the gener-
alisations each of the agents believes and that are instantiated by the con-
ditionals they utter. Namely, it should be that Anna believes ∀x(O(x) ∧
F (x)∧W (x)→ C(x)), while Bruno believes∀x(O(x)∧F (x)∧W (x)→
¬C(x)). Assuming, as I did, that both agents are rational and that gener-
alisations are believed when they have proved to be reliable in an agent’s
experience, then Anna and Bruno must have had different experiences.14
Their different past experiences have led them to distinct beliefs: Anna be-
lieves that if someone goes out but suffers from a pathology weakening the
immune system, then (it is very probable that) this someone gets a cold.
On the other hand, Bruno believes that if someone goes out and suffers
from a pathology weakening the immune system, then (it is very proba-
ble that) this someone does not get a cold. Hence, peer disagreement in
relation to conditionals, must depend on beliefs the agents have that are
not directly involved in the disagreement—beliefs that are not strictly con-
textual even if implicit, but rather on previously acquired and evaluated
beliefs that guide their current formation of beliefs and actions (cf. [18]
and [9]).

So far, I have considered strong disagreement, where one agent contra-
dicts another agent’s belief or utterance. However, there is another form of
disagreement, weak disagreement, where an interlocutor does not directly
contradict the speaker’s utterance, but instead suspends judgement on the
topic under discussion. I will address this in the next section.

4.3. Weak Disagreement or Suspended Judgement

The last intersubjective attitude towards conditionals that I am going to
consider is not properly a form of disagreement as previously considered,
in the sense that the one agent says P (or P → Q) and the other replies
¬P (or P → ¬Q). Instead, it is a kind of weak disagreement, where an
agent neither affirms nor negates another agent’s utterance but rather sus-
pends judgement. In the context of conditionals, this means that when

14 I acknowledge that this is sketchy, but the primary goal of the present work is to classify intersubjec-
tive attitudes and epistemic positions. A more in-depth analysis of disagreements about conditionals
would involve exploring degrees of belief and the probability distributions of each agent. The proba-
bility value expressed by a generalisation should ideally represent the frequency with which an agent
has, throughout their life, experienced the occurrence of an event given another. This, in turn, de-
termines which conditionals the agent would assert and accept, and to what degree. While a more
detailed analysis is not currently essential for the classification, it is left for future work. Interested
readers can refer to [18] and [15] for a discussion of conditionals as instances of generalisations and
related probabilistic formalisation.
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one agent utters P → Q, the other neither replies with P → Q nor with
P → ¬Q.

In the example involving Anna and Bruno, it might be the case that
Bruno has no opinion about what will happen (or would have happened)
if Maria goes out. Assuming this is the case, when Anna says ‘if Maria
goes out, she will get a cold’, Bruno replies ‘Oh, I don’t know’. One ini-
tial explanation for Bruno’s response could be a lack of contextual addi-
tional information about Maria’s health situation. However, this alone is
not sufficient, as observed in the case of the superior/inferior, where it led
Bruno to disagree with Anna by negating the consequent of Anna’s con-
ditional. Therefore, to explain Bruno’s response, it is necessary to suppose
that he does not have any reason to assert either of the conditionals, i.e.,
O → C or O → ¬C . According to the view of conditionals I am fol-
lowing here, this can be explained by arguing that Bruno believes neither
∀x(O(x) → C(x)) nor ∀x(O(x) → ¬C(x)) – he has no experience
of such situations. Alternatively, he may believe both consequents to be
equally plausible (given the antecedent): that a person may get a cold as
much as she may not, given that she goes out.15 The same explanation
holds even when Bruno has the same contextual information Anna has,
e.g. he knows that Maria is fine but also that she has a weak immune sys-
tem.

Notice that Bruno disagrees with Anna, for, trivially, he does not agree
with her. However, this does not constitute disagreement in the sense this
term is used in the related literature (see [6]), as Bruno does not negate
what Anna believes or utters. Furthermore, it is not necessary to specify
Bruno’s epistemic position with respect to Anna’s. Whether they are be
peers or in an inferior/superior relationship, Bruno’s perspective of sus-
pended judgement does not change. However, it could impact the devel-
opment of Bruno’s state; for instance, if he is inferior to Anna, acquiring
more information may (as may not) lead Bruno to agree with Anna.

Having delved into a comprehensive exploration and analysis of the in-
tersubjective attitudes surrounding conditionals and the associated epis-
temic positions of individuals, it is time to draw conclusions.

5. Conclusion
In this paper, I have examined three main intersubjective attitudes that
individuals can have regarding conditional sentences. The primary focus
was on disagreement and the associated epistemic positions that agents

15 As before, this can be further developed using probability and degrees of belief, by replacing ‘equally
plausible’ with ‘equally probable’.
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adopt in relation to the topic under discussion, while agreementwas briefly
discussed. Although similar epistemic positions can emerge in instances
of agreement, the analysis revolved around disagreement, due to its cen-
tral role in current epistemology and relevance in everyday and scientific
contexts.

Two main epistemic positions were explored: the superior/inferior dy-
namic and the scenario where individuals are peers. Through the analysis
of an example, I proposed an explanation for how these epistemic posi-
tions, along with disagreements on conditionals, can be clarified. This in-
volves making explicit the contextual information the individuals possess
and considering the uttered conditionals as instances of generalisations
believed by the speakers. In the last part of the paper, I considered an-
other possible intersubjective attitude: weak disagreement, i.e., suspended
judgement. In this case, a person stays neutral – does not affirmnor negate
– with respect to someone saying ‘if P then Q’. As in the other attitudes,
the neutral agent can be in a superior, inferior, or peer position with re-
spect to the other agent.

The investigation presented in this paper is preliminary, and further re-
search is needed, particularly in conducting a specific study on disagree-
ment about conditionals. Despite receiving limited attention in the liter-
ature, conditionals play a crucial role as a primary means of expressing
disagreement in both everyday life and, more importantly, in scientific
contexts. This future work necessitates a dedicated analysis of counterfac-
tuals and indicatives to reveal possible differences and similarities, such
as variations in the type of the implicit information added to their respec-
tive antecedent. Additionally, incorporating degrees of belief will enhance
our understanding and ability to account for disagreement, particularly
among peers. Once these steps are completed, it will be feasible to for-
mulate a theory of conditionals that accommodates disagreement among
agents, ultimately providing a formal account of disagreement concerning
conditional sentences.
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Confirmation bias: a mediated
advantage to social reasoning

From an evolutionary point of view, the confirmation bias (or my-side
bias) poses a puzzle that still survives within the literature on social rea-
soning: is this bias adaptive? In this paper, I plan to bring forward a hy-
pothesis that draws from the literature on the wisdom of crowds, collective
decision-making, and noise reduction in social reasoning. The main idea
is that the confirmation bias might be adaptive because it constitutes a tool
of epistemic vigilance that allows reasoners to arrive independently at their
arguments. This represents a social advantage in groups with certain fea-
tures, where some strategies are in place to mediate individual inputs into
collective results that have a higher accuracy. To advocate for this thesis I
will first briefly introduce the current models on the value of confirmation
bias and show the objections which have been brought forward. Further-
more, I will outline some interesting insights from the literature on the
wisdom of crowds and from the methods to enhance accuracy in group
reasoning and decision. Then, I will describe epistemic vigilance and how
the confirmation bias could be construed as a tool serving that purpose.
I will finally introduce a remark on how models on social reasoning must
take into account both the role of opinion-building and rule-following,
coherently with the proposal of the last section.

1. Is the confirmation bias socially adaptive?

The confirmation bias1 (CB) is the tendency of reasoners to readily accept
reasons which align with their accepted views and discount arguments
which go against them. Traditionally (and popularly) CB has been de-
scribed as an impediment to reasoning, both individual and social. This
tradition draws on dual processing theory, which differentiates between

1 Within the interactionist literature on reasoning the confirmation bias is often called “my-side bias”,
as can be found in [37, 46]. There are minor differences between these two concepts, but for the
purposes of this paper, they are not relevant.
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an automatic and fast cognitive system (System 1) and a slow and effort-
ful one (System 2) [20]. According to this distinction, System 1 functions
heuristically and is plagued by biases, whichmake reasoners prone tomis-
takes.

Recently, however, some models have adopted a strictly evolutionary
point of view to argue that if CB were so obviously maladaptive it would
have been negatively selected. As a consequence, the pervasiveness of CB
seems to indicate that it must have some adaptive function. There are a
variety of these approaches, with these four being the main ones:

(a) the argumentative theory of reasoning (ATR) [36, 37];
(b) the intention alignment model [39];
(c) the reality-matching account [41];
(d) the collectivised intellectualism hypothesis [44].

All these approaches postulate that reasoning is an inherently social en-
deavour, which allows for the cognitive weight of such a complex activity
to be distributed between the members of a group. What distinguishes
these approaches from each other is what they take to be the goal of the
reasoning process.

(a) The argumentative theory of reasoning argues that reasoning is es-
sentially a reputational tool. When participating in the argumentative
process, each reasoner is motivated to produce new reasons and make ob-
jections to defend their reputation and, thus, keep their status within the
reasoning community. Accordingly, argumentation has the goal of per-
suading argumentative adversaries. Therefore the advantages CB brings
mostly concern the individuals, who use this tool to heighten their repu-
tation and their influence within the decision-making group.

CB, within ATR, has two main functions. Firstly, and chiefly, it allows
reasoners to produce arguments quickly, exploiting heuristics and induc-
tively well-founded associations. The second function of CB would be to
make the reasoner as convincing as possible: the idea being that the more
reasons a reasoner produces, the more their argument is solid and per-
suasive. The authors seem to assume that there is a significant correlation
between confidence and accuracy.

While this theory has many persuasive insights, there are a few objec-
tions that have been moved to it. The most notable is that it would seem
more adaptive to be able to anticipate possible objections, rather than be-
ing subsequently surprised by them. Furthermore, the positive correlation
between confidence and accuracy has been disputed [19] and persuasion
seems too narrow a goal for reasoning.

(b) In [39], Norman brings forward a model that he considers to be a
refinement of ATR, i.e. the intention-alignment model. Norman believes
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that the ATR fails to explain the collective benefits of social reasoning and,
thus, he develops a cooperative model. In this model, each reasoner en-
gages in social reasoning to align the intentions of the group and reach a
solution to a collective problem (e.g., group hunts).

Norman argues that CB would allow agents to better align their in-
tentions. However, it is not at all clear how CB would be helpful in this
endeavour. Moreover, if the overall idea is to create uniformity within a
group through references to shared outlooks, reasoning would seem too
complex a tool to be pragmatically needed.

(c) Peters, on the other hand, believes that the intellectualist assump-
tion according to which agents reason to have accurate beliefs about the
world is still salient. His approach revises this assumption by turning it
around. Agents produce reasons socially to shape the world for it to align
with their internal models. Social reasoning, then, would be a tool meant
to scaffold the external ecological space. Peters, thus, calls his approach
reality matching: reality is made to match the previsions and judgements
of reasoners.

This operation of ecological scaffolding via reasoning in Peters’ view is
a product of well-publicised self-fulfilling prophecies. CB is particularly
valuable in this endeavour: the more evidence is gathered to support a
particular claim themore weight that claim has within the reasoning space
of a group and, thus, themore plausible it is for that claim to have practical
consequences.

While thismodel has some insights that can be related to cognitivemod-
els which are growing in popularity2, it does not take into consideration
that other agents could well exploit the existence of these prophecies to
deceive the original reasoner without being noticed3.

(d) The collectivised intellectualism hypothesis goes in a whole other di-
rection. Smith and Wald believe that the benefit of reasoning is a socially
expressed individual benefit, specifically in the individual’s increased abil-
ity to understand and model the external world.

The authors propose that, thanks to CB, reasoners within a group build
as strong a case as they possibly can, and, thus, all reasoners are exposed to
a variety of diverse strong cases. The idea is that people are going to better
their own understanding by hearing a variety of positions and evaluating
all the evidence for and against them.

2 For instance, it is clear that the ideas of scaffolding and of trying to predict the external environment
are linked to ecologicalmodels of action, [31,47], and to predictive processingmodels, [7,8]. However,
Peters’ paper does not explore this connection.
3 For instance, a father who publicly declares that his son does not smoke and has a CB might be
blinded by his CB and not be able to see the evidence that the son smokes. This kind of unbalance
makes it unlikely for this model to be adaptive as it is presented.
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Two things remain unclear. First, the model does not seem to account
for how adversarial CB makes the argumentative model. For instance, it is
not clear that individuals would consider the strong cases that have been
proposed by others. Secondly, it fails to show why a position would be
made stronger by CB.

In conclusion, even though they explain how to contain it [5], none of
these accounts fully explain how CB could be considered adaptive [24]. If
that is the case, it still has to be shown. The take-home lesson from this
analysis is that what is needed is a proposal where:
1) there is a clear collective advantage to exhibiting CB;
2) this advantage must have to do not only with the status of an individ-

ual within a community, but also with decision-making and problem-
solving;

3) CB is exhibited within a balanced process where deception is discour-
aged rather than encouraged.

2. Outlining an alternative: content and rules come together
Quite frequently when engaging in argumentation reasoners put forward
their opinions and then stick to their guns in defending them. If the prob-
lem at hand has no clear immediate solution, it is somewhat unlikely for
someone to be able to show how they are right to others. As such, by the
end of the process, people might have a more complex, subtle, and rea-
soned view, but they are unlikely to change their view altogether. When
taking part in these discussions one often has a feeling that, in these kinds
of questions, there are so many known unknowns or unknown unknowns
[28] that none of the arguments presented might be entirely definitive or
correct. Often enough, the truth lies in the middle. If from these dis-
cussions one had to derive pragmatic conclusions, the most efficient way
would be tomoderate andmediate the alternatives. At this point, the ques-
tion becomes: how to mediate different positions which do not merge?

This description introduces a theme: that of the interplay between opi-
nion-building (reasons) and rule-following (formal systems) in social rea-
soning. In the previous section, I briefly presented the four main alter-
natives and the specific objections which might defeat them. However,
there is a more general critique that might be moved: all these accounts
are concerned with the content of the reasoning process. Reasoning is al-
ways described in highly informal terms and the whole idea is that it is
about claims, opinions, beliefs. What is not taken into account are inferen-
tial patterns. This is because, when considering CB, what is at stake is the
accumulation of reasons, while formal tools are well-known to be content-
independent. However, I believe both insights (content and structure)
should be analysed.
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This brings me to the alternative I want to explore. One way to consider
the interplay between content and structure is to postulate that CB might
produce a benefit in terms of content, which can only be useful when there
is a mediation in terms of structures. The proposal is the following. CB
might be useful both to the individual4 and to the reasoning group. From
the point of view of the reasoning group, it might be that CB, by epis-
temically isolating a reasoner, makes the reasoner somewhat independent
from the other members of the community. This, in turn, provides a ben-
efit for the community because it has been shown (as I will present in the
following section) that mediation of the independently reached claims of
a crowd is often more accurate than each individual claim. The role infer-
ential patterns would have, in such a view, is specifically in the mediation
of the independently reached claims. I will elaborate further on this role
of inferences in a subsequent section.

According to this hypothesis, CBwould not be helpful because it creates
uniformity and a shared outlook in a group, but precisely for the opposite
reason: CB is helpful because it allows different views to flourish and co-
exist within a group independently. This approach is similar to the collec-
tivised intellectualism hypothesis [44] in that it highlights the advantages
of having a variety of different strong cases within a community. However,
it differs from this hypothesis because it focuses specifically on the benefits
of this situation to a community, rather than to the individual. Further-
more, an approach of this kind would abide by the requirements I have
mentioned in the previous section. Firstly, CB, in this view, is a tool for
communities of decision-makers, not because they strive for homogeneity
(as Norman has argued), but because of the diversity it creates. Secondly,
this advantage would have nothing to do with status within a community,
but with optimal collective strategies for problem-solving. Finally, since
reputation and persuasion do not occupy a central role, the process can
be seen as generally balanced from a game-theoretical point of view. Pos-
sibilities for imbalance, like the ones that emerge in the reality-matching
account, would be eliminated by a collective and individual mediation, as
I will discuss in the following sections.

3. Crowds, experts, and fools
To argue for this hypothesis it is necessary to immediately answer two ob-
jections. First of all, it is not entirely convincing that groups or reasoners
might be more accurate than individual reasoners. Secondly, the claim

4 I believe there are also benefits to the individual, such as the avoidance of cognitive dissonance or
the ease in thriving within homogeneous communities.
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that CB might render reasoners independent seems completely counter-
intuitive. In this section, I will tackle these two problems.

3.1. Chasing the expert doesn’t make a crowd wise
Traditionally crowds have been considered patently irrational. In the last
twenty years, however, this assumption has been challenged. The notion
of wisdom of crowds has been highly popularised and is at the heart of
the interactionist view. Mercier and Sperber make it a central notion of
their argumentative theory of reasoning that groups reason better than
individuals. There is extensive empirical evidence for this claim [1,23,26].
The most notable example is how the success rate in answering the Wason
Selection task [49] is only 10-15% when individuals are answering, while
it reaches 80% when groups are asked [32].

While theseresultsarealwaysaccepted, themechanisms that lead groups
to be more accurate than individual reasoners are not that clear. For in-
stance, Mercier and Sperber claim that this superiority can be explained
in terms of chasing the experts5. This means that a group would be more
efficient than individual reasoners because within the group there might
be individuals who are better prepared and can convince others and nudge
them or lead them in the right direction. An example would be how cog-
nitive reflection tests – whichmislead most reasoners at a first glance – are
resolved by groups where the resolved by groups where the reasoners who
get it right can immediately show (and convince) others by exposing the
rule behind the puzzle [34].

This is clearly what sometimes happens with logical puzzles. In these
cases, once explained, the answer becomes immediately apparent. This is
not the case with questions with more uncertain answers, or very com-
plex matters which involve the knowledge of whole corpora of informa-
tion. In these instances what goes on is more likely what is described in
the literature which followed Surowiecki’s work on the wisdom of crowds
[23,48]. In this view, crowds are accurate not because they contain experts
who guide others, but because they average the answers of individuals.
Surowiecki gives multiple examples of cases in which crowds not only out-
perform individual reasoners but also experts themselves. The idea is that
there are so many factors to take into account that, even though experts
are better equipped than average reasoners, they too will often not be able
to give the best possible answer to a variety of problems. This includes not
only estimation problems but also cognition, coordination, and coopera-
tion problems. Of course, the only way this wisdom of crowds can emerge

5 This particular phrasing is not attributable to Mercier and Sperber, but comes from [27].
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is if the crowd is structured in just the right way to allow for a propermedi-
ation. What is needed is diversity, independence of judgements [11] (i.e.
exactly what I propose might be achieved by CB) and decentralisation.

There is a statistical reason behind the efficiency of crowds: the elimi-
nation of statistical noise. Noise, as described in [21, 22], is an unwanted
variability of judgements. For instance, we would call noisy a situation
where different reasoners give widely different answers to the same ques-
tion. Noise, in essence, is a problem of reliability and sensitivity of instru-
ments and techniques. The loss of accuracy in judgements of individuals is
a symptom of how the tools of immediate reasoning are ill-calibrated and
too sensitive to a variety of irrelevant factors (both in terms of irrelevant
information and psychological influences). The image Kahneman gives is
that of shots that hit a target in a quasi-random fashion6.

The most effective way to reduce noise is by taking the mean from a set
of judgements. This method, together with some strategies for decision
hygiene, leads to improved accuracy in decision and reasoning processes,
just by eliminating occasional, systematic and personal noise. Taking the
mean between individual judgements generally outperforms even experts
because even the judgement of experts is noisy (for personal idiosyncrasies
or random factors)7. One problem with this method, however, is that it
only makes sense if the judgements are reached independently. Tradition-
ally, what is meant by independence is a state where the Condorcet Jury
Theorem can be applied, namely where multiple judgements both depend
on a certain state of affairs X (which is the target state the judgements are
supposed to be about), but do not causally affect each other. When this
kind of independence fails, i.e. when judgements affect each other, what
obtains are informational cascades. These are phenomena where reason-
ers express judgements in a sequential fashion, with a few reasoners be-
ing trailblazers who influence all others. Other kinds of dependency is-
sues exist. For instance, all reasoners may express judgements which are
both influenced by the target state X and by other non-articulated com-
mon causes; the judgements could be affected by common causes but not
by X; or, the judgements could be self-fulfilling prophecies [14]. An in-
teresting example of these dependency issues is the case of biases: whole
groups of reasoners could be affected by group biases they are not aware
of, which would qualify as a non-articulated common cause which needs
to be taken into account when aggregating the various judgements.

6 By contrast, Kahneman describes bias as a situation where the shots hit the target all in roughly the
same place, but all skewed from the centre. This is they way in which bias and noise differ.
7 Kahneman’s book is focused on examples of noise in expert decision, with mentions from the fields
of law, economics and science.



144 Sofia Elisabetta Walters

A tentative conclusion to these observations would be that, provided
group biases are under control, group reasoning can be extremely efficient
just by aggregating and mediating a (possibly high) number of indepen-
dent judgements. From an evolutionary point of view, then the logical
assumption is that there should be some mechanism in place to guarantee
that these judgements are really independent. The proposal, as explained,
is that CB does this. Specifically, I believe that the independence guaran-
teed by CB might be of the first kind: CB helps create a decision-making
environment where judgements are dependent on the common state of
affairs X, but do not causally affect each other. I will later elaborate on
how the other kinds of independence might be dealt with. To avoid the
problem of informational cascades and undue influences, however, there
have to be two conditions. First of all, the reasoning community has to be
structured as an assembly of peers. Second, people need to be not easily
taken in by the opinions of others, i.e. they need to be not so easily con-
vinced. The first condition is out of the scope of the paper. Regarding the
second condition, on the other hand, the question is more subtle and will
be discussed in what follows.

3.2. Not so gullible after all
One immediate objection to this account would be that CB could easily
lead to epistemic bubbles, and, thus, really does not seem to be the ap-
propriate tool to allow reasoners to make judgements independently. This
point is a consequence of the assumption that if people exhibit CB they
must be gullible: easily taken in by others whowant to deceive them, with-
out having a chance of improving their epistemic situation. According
to Hugo Mercier, however, people are not that gullible. First of all, it is
well known that even experts exhibit CB (sometimes as much as novices),
therefore the immediate association between CB and poor reasoning or
gullibility is not warranted. Furthermore, in [32,33], Mercier provides ex-
tensive evidence for the claim that reasoners are not that gullible nor that
easily swayed. What he argues is that it would make no evolutionary sense
for reasoners to be easily deceived during reasoning processes because they
would have no advantage and avoid engaging in them altogether. More-
over, it is clear that information is valuable and itmakes sense for reasoners
to treasure it by putting it under scrutiny8. This insight is what drove [9]
and [13] to consider reasoning as a cheater-detection or lie-detection de-
vice. Mercier shows that, for these reasons, reasoners developed a set of

8 This is also similar to Craig’s ( [10]) thesis on the value of knowledge as a normative concept to put
sources of information under scrutiny.
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tools for cognitive vigilance. CB is part of this set: by leading reasoners to
give a default higher value to their information and bewary of the informa-
tion provided by others it protects them from undue external influences.

Since being suspicious and sceptical are behaviours which carry evo-
lutionary benefits, it makes sense that the considered mechanisms effec-
tively produce some kind of cognitive and epistemic isolation. This con-
clusion is in stark contrast with what is widely and intuitively believed
about epistemic bubbles and the likelihood of information cascades within
groups. This contrast can be dealt with by explaining that CB is not di-
rectly responsible for the participation in epistemic bubbles, but rather
for the permanence within these bubbles. What creates epistemic bubbles
are shared core beliefs which create communities based on these beliefs.
What CB might do is allow these beliefs to thrive once they are held by a
reasoner (rather than nudging the reasoner into these communities in the
first place). The difference is subtle but salient, as it shows that reason-
ers join (and stay in) epistemic bubbles not because they engage in faulty
reasoning, but because they have faulty beliefs in the first place. Mercier
explains this by pointing out that there are two ways to hold a belief, in a
philosophical tradition that follows directly Plato’s doctrine on knowledge
and understanding9. Beliefs can be held cognitively10 or reflectively [45].
A belief held reflectively is essentially inert, as it is insulated from cogni-
tive consequences because the reasoner does not draw from it the possible
inferences that would follow. On the other hand, to hold a belief cogni-
tively is to actually employ it within the reasoning process. Since reflective
beliefs are basically inconsequential, it makes sense that there would be
no epistemic vigilance about them (or at least, much less than with cog-
nitive beliefs). In other words, CB, being a mechanism of epistemic vigi-
lance, would not come into play with beliefs held in this fashion. Mercier
argues that most strange beliefs are only held reflectively, and not cog-
nitively: people are gullible concerning beliefs that do not really matter.
I want to stress that the point here is that the problem does not lie in the
epistemic vigilancemechanisms (for instance CB) or in the reasoning abil-
ities, but in the initial beliefs a reasonermight have and in their willingness
to engage in group reasoning with diverse reasoners. CB seems to be ben-
eficial, whereas the problem with gullibility and epistemic bubbles seems
to be social rather than epistemic.

9 Plato, in fact, in [42] distinguished between holding a belief (i.e., possessing it) and capturing it (i.e.,
using it).
10 The terminology here ismine. [45] uses the term “intuitive” instead of “cognitive”, however, I believe
this to be a more obscure term because it does not highlight their features. Moreover, by changing the
term I hope to avoid possible references to intuitive inferences, as described in [35].
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All things considered, then, if we are to trust Mercier, the empirical evi-
dence hebrings forward seems to confirm that reasoners are highly vigilant
and that CB might be a tool to keep this vigilance in place and arrive at a
conclusion independently.

4. Inferences all the way: creating an advantage
I will now provide a toy example to illustrate what I mean by mediation.
Imagine a community of about a hundred reasoners who are engaged in
discussing themost profitableway to distribute the community’s resources.
There are various available projects in which to invest and some of the rea-
soners in this community (even if it is not clear who they are) are more
knowledgeable in such matters and in the strengths and weaknesses of
each project. While there is some public discussion, all reasoners in the
community make up their minds independently (thanks to their CB, ac-
cording to this proposal). To equally distribute responsibility within the
community and to achieve a more promising result, they decide to vote on
the matter. Unfortunately, however, there are some issues. First of all, not
only do different reasoners favour different projects, but they also want to
invest different percentages of the resources in different avenues. Further-
more, all the members of the community unknowingly ignore the base
rate of certain factors, e.g. the average profit margin of projects of that
kind. Were the members of the community to just express their judge-
ment and vote for it, the result would be highly inefficient: they would get
a conclusion that is highly incoherent and biased. They decide to remedy
by doing the following: they first identify the experts in the community
and weigh their opinions accordingly; then, they decide to compress the
various opinions in a selected subset of positions, which are independent
of each other; they test the coherence and validity of these positions; they
conduct a causal analysis of their decision process and correct for existing
group biases (e.g. the base-rate fallacy). In the end, they take a vote.

All the steps that go beyond a pure collection and aggregation of data are
what I describe as mediation. This mediation is a product of deliberation:
I believe this is where reasoning proper (i.e., formal logic or probabilistic
reasoning) comes into play. I will clarify what I mean by this first by dis-
cussing an assumption in the literature on thewisdomof crowds; secondly,
by showing four examples of possible roles of formal reasoning within a
process of collective reasoning; thirdly by pointing out two theoretical and
social advantages of this approach.

First of all, when discussing the wisdom of crowds, it is assumed that
collective reasoning and deliberation have a negative influence on the out-
come of the process [29], as introducing any kind of social influence in the
process would undermine independence. With this in mind, a distinction
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is usually enforced between the wisdom of crowds approach and collective
decision-making. The first approach hinges on the elimination of all kinds
of social influences and causal/statistical dependencies and is adopted in
a variety of estimation tasks; the second hinges on the idea that commu-
nal sharing of reasons is essential in human cooperation, and is usually
focused on wider and less defined tasks. However, it has been suggested
that social influence does not necessarily eliminate the positive outcome
of the wisdom of crowds, provided there is diversity and accuracy in the
community of reasoners [3, 25, 30]. Moreover, it has been recently shown
that there might be an advantage in developing a new approach which
mixes aspects of both [2, 4, 6, 12, 15, 18, 34, 38]. This could be done either
in the direction of introducing deliberation within the wisdom of crowds
process (both in the sense of encouraging discussion and in the sense of
socially selecting experts whose opinions are then aggregated) or by em-
phasizing the relevance of diversity of opinions and moderation within
decision making.

Thus, it could be beneficial11 to introduce a stage of mediation in the
form of collective deliberation, be it preliminary to voting or, as is com-
mon in the literature, as a reflective stage between two voting sessions.
Furthermore, what could be useful is to avoid striving for widespread con-
sensus, and to prefer strategies where consensus via deliberation is reached
in small sections of the crowd with the goal of confronting these outputs
with the ones given by all the other sections. The idea, then, is not to give
precise rules on when this mediation should take place or on which goal
it should seek, but rather to point out how it could be generally advanta-
geous in a variety of cases and with a variety of methods, as is being done
in the growing experimental literature on the subject. What remains as a
take-home message in this analysis is that, while the process of decision-
making could benefit from a combination of the described strategies, there
always needs to be a tool which defends reasoners and community from
undue influences, in the forms of informational cascades. This is in line
with my proposal to consider this function of CB.

Given the mediation of deliberation does not undermine the results of
the wisdom of crowds but, rather, helps it, the next research focus should
be analysing what this mediation consists of. As already mentioned, I be-
lieve this mediation should be understood in terms of the use of shared
logical/probabilistic structures and inferential patterns.Focusing on struc-

11 [19] argues that the collective decision-making approach is not more efficient than the wisdom of
crowds, but this is in contrast with the literature just presented. This contrast could be a product of
the different configurations of the experimental designs.
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tures (both those produced by individuals and those used in collective
judgements and policies) during the mediation would guarantee that co-
herence and validity are taken into account in integrating, aggregating, and
using information.

Building on the previous toy example, I will now give examples of how
working on inferential structures might be beneficial in this process.

(1) At the most abstract level, the use of shared inferential structures is
what basic cooperation hinges on. While the diversity of opinions (con-
tents) within a group of decision-makers is not necessarily problematic,
the lack of a shared accepted language would be. This language could be
traced in the shared conditions of inferential validity accepted within the
community. To give an abstract example, it is clear that, if there was a frac-
ture within a community between those who accept the excluded middle
and those who do not, there would be some sort of basic incommunicabil-
ity. The shared inferential practices, i.e. the shared basic structures that are
accepted by a community, are what allow the use, evaluation and sharing
of content in an organised way. As such, it might be that what needs to be
the focus of interactionist models is the repeated articulation of inferential
structures, rather than the reasons that are articulated via these inferen-
tial structures. Thus, without a mediation given via inferential structures,
the whole possibility of applying a methodology to aggregate and evaluate
independent opinions would be void.

(2) Even in cases where a community were to decide to simply apply
what is dictated by the wisdom of crowds approach (i.e. by having every-
one vote or produce a judgement independently and by aggregating these
judgements) a consideration of inferential structures would still be neces-
sary. For instance, while it is easy to imagine how such a vote could take
place when the goal is an estimate or the solution to a quiz, it is not at
all clear how it would go about in more complex scenarios. If every sin-
gle member of the community were to express their political opinion on
an issue, even supposing these opinions be rendered independent by CB,
the result would clearly be inefficient. What usually goes on in such cases
is that opinions are solidified into a selected number of positions whose
structure is highly controlled. These few positions are what reasoners then
vote on.

(3) Anotherway inwhich the use of themediation of deliberationwould
be useful is in the consideration of experts. This could happen in at least
three ways. First of all, it is clear that in some cases (e.g. when confronted
with the cognitive reflection test) what is relevant is the understanding
of inferential and causal structures and not the specific content associ-
ated with them. In these cases, deliberation led by experts with a focus
on structures is highly beneficial, as demonstrated by [34, 38]. Secondly,
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while the wisdom of crowds is considered to be more accurate than any
individual judgement from an expert, it has been demonstrated that ag-
gregating judgements from selected experts yields even more accurate re-
sults [6]. Structures come into play in the recognition of experts and in
the use of their expertise. From an epistemological point of view, exper-
tise is not only a matter of knowing the right information (i.e. of accept-
ing the right content) but also of understanding it, its structure, and its
modal aspect [50, 51]. If this is the case, the community has to employ,
test and use inferential structures to evaluate the experts and then aggre-
gate their judgements. Finally, there is reason to believe that confidence
and its meta-representation could be beneficial (or at least have an influ-
ence) towisdomof crowds and collective decision-making [3,12,25]. Con-
fidence, like expertise, is a product of the use and meta-understanding of
cognitive structures and inferential patterns. As such, the same consider-
ations relevant in the case of expertise are relevant when evaluating (and
modulating) confidence and weighing it in collective decision processes.

(4) Perhaps more interestingly, the idea itself of the wisdom of crowds
hinges on a jury theorem and the ideal of independence, but, to apply the
correct aggregationmethod and to understandwhat kind of independence
is in place, communities need to solve the so-called π-problem [14]. In a
nutshell, reasoners must understand if they have conditionalised on the
right situation, taking into account all common causes of the target phe-
nomenon, irrelevant factors, and other influences on their judgments. In
other words: to define the opinions as independent in the first place it is
not only necessary for them to be unaffected by each other (which, in my
proposal, is taken care of byCB), but also for them to be conditionalised on
all notable factors. This conditionalisation is external and preliminary to
the aggregation of the opinions themselves. An interesting example would
be the case where there is a bias that affects all reasoners homogeneously.
Reasoning and formal rules would then be decisive in eliminating biases
such as these [15], both from a probabilistic point of view and from a log-
ical point of view (it is clear that the mediation of structural reflection has
a role in eliminating biases, as pointed out by the literature on dual pro-
cessing [40]).

Aside from the practical functions highlighted just now, at least two
more general advantages are linked to the focus on structures and formal
reasoning. First of all, while for individual reasoners, a certain amount
of incoherence is negligible [43], what is needed in a collective reasoning
setting is first and foremost a normative approach that guarantees fairness.
This normative dimension is brought about by formal reasoning, which
ensures coherence and objectivity by removing idiosyncrasies. While for-
mal reasoning rules obviously cannot help in selecting virtuous content,
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they can be used to either eliminate unwanted incoherence or construct ar-
guments in a valid and acceptable manner. Secondly, this approach aligns
with the insight of interactionist theories of reasoning which aim to give
a proper role to formal reasoning. In most models of reasoning, fast-and-
frugal reasoning is understood as a weak and often off-base version of for-
mal reasoning [20]: there is an assumption that reasoning ideally should
always be conducted following the rules provided by the latter, while there
does not seem to be a distinct status or function accorded to the former12.
The interactionist models of reasoning, on the other hand, follow the in-
tuition that there should be a specific function for fast reasoning, and they
believe this function to be opinion-building. This has two interesting theo-
retical consequences. First of all, fast-and-frugal reasoning and the heuris-
tics of intuition can be considered separately, and their merits can be un-
derstood as different from those of formal, structured reasoning [16, 17].
Secondly, and even more interestingly, in a scenario such as the one pro-
posed here and in the other interactionist models, formal reasoning has
a role that is mostly post-decisional, which is in line with a great deal of
empirical evidence on dual processing reasoning.

5. Conclusion

What can be concluded from this analysis is the plausibility of the interplay
between CB, which allows reasoners to produce independent judgements,
andmediation via deliberation, which allows these judgements to be used,
shared, and aggregated.

This approach is encouraging for a variety of reasons. First, it is backed
by empirical evidence. Secondly, it is compatible with and improves on
common interactionist models by providing a new role for CB and shared
inferential patterns. In the third place, it resonates with Surowiecki’smoral:
“Groups generally need rules tomaintain order and coherence [...] Groups
benefit from members talking to and learning from each other, but too
much communication, paradoxically, can actually make the group as a
whole less intelligent”13.
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